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PREFACE. 



Of all the celestial bodies whose motiona have formed the 
subject of the investigations of astronomers, the Moon has 
always been regarded as that which presents the greatest 
di£Sculties, on account of the number of inequalities to which 
it is subject; but the frequent and important applications of 
the results render the Lunar Problem one of the highest in- 
terest, and we find that it has occupied the attention of the 
most celebrated astronomers from the earliest times. 

Newton's discovery of Universal Gravitation, suggested, it 
is supposed, by a rough consideration of the motions of the 
moon, led him naturally to examine its application to a more 
severe explanation of her disturbances ; and his Eleventh Section 
is the first attempt at a theoretical investigation of the Limar 
inequalities. The results he obtained "were found to agree 
very nearly with those determined by observation, and afibrded 
a remarkable confirmation of the truth of his great principle ; 
but the geometrical methods which he had adopted seem 
inadequate to so complicated a theory, and recourse has been 
had to analysis for a complete determination of the disturbances, 
and for a knowledge of the true orbit. 
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The following pages will, it is hoped, form a proper intro- 
duction to more recondite works on the subject: the diflGiculties 
which a person entering upon this study is most likely to 
stumble at, have been dwelt upon at considerable length, and 
though different methods of investigation have been employed 
by different astronomers, the difficulties met with are nearly 
the same, and the principle of successive approximation is 
common to all. In the present work, the approximation is 
carried to the second order of small quantities, and this, 
though far from giving accurate values, is amply sufficient for 
the elucidation of the method. 

The differences in the analytical solutions arise from the 
various ways in which the position of the moon may be 
indicated by altering the system of coordinates to which it 
is referred, or again, in the same system, by choosing different 
quantities for independent variables. 

D'Alembert and Clairaut chose for coordinates the pro- 
jection of the radius vector on the plane of the ecliptic and 
the longitude of this projection. To form the differential 
equations, the true longitude was taken for independent 
variable. 

To determine the latitude, they, by analogy to Newton's 
method, employed the differential variations of the motion of 
the node and of the inclination of the orbit. 

Laplace, Damoiseau, Plana, and also Herschel and Airy 
in their more elementary works, have found it more con- 
venient to express the variations of the latitude directly, 
by an equation of the same form as that of the radius 
vector. 
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Lubbock and Pont^coulant, taking the same coordinates of 
the moon's position, make the time the independent variable; 
and when it is desired to carry the approximation to a high 
order, this method offers the advantage of not requiring any 
reversion of series. 

Poisson proposed the method used in the planetary theory, 
that is, to determine the variation in the elements of the 
moon's orbit, and thence to conclude the corresponding varia- 
tions of the radius vector, the longitude, and the latitude. 

The selection of the method followed in the present work, 
which is the same as that of Airy, Herschel, &c., was made 
on account of its simplicity : moreover, it is the method which 
has obtained in this university, and it is hoped that it may 
prove of service to the student in his reading for the exami- 
nation for Honours. In furtherance of this object, one of the 
chapters (the sixth) contains the physical interpretation of the 
various important terms in the radius vector, latitude, and 
longitude.* 

The seventh chapter, or Appendix, contains some of the 
most interesting results in the terms of the higher orders, 
among which will be found the values of c and g completely 
obtained to the third order. 

The last chapter is a brief historical sketch of the Lunar 
Problem up to the time of Newton, containing an account 
of the discoveries of the several inequalities and of the methods 
by which they were represented, those only being mentioned 
which, as the theory has since verified, were real onward 



-^ See the Report of the ♦' Board of Mathematical Studies" for 1850. 



VI PREFACE. 

steps. The perusal of this chapter will shew to what extent 
we are indebted to our great philosopher; at the same time 
we cannot fail being impressed with reverence for the genius 
and perseverance of the men who preceded him, and whose 
elaborate and multiplied hypotheses were in some measure 
necessary to the discovery of his simple and single law. 

I take this opportunity of acknowledging my obligations 
to several friends, whose valuable suggestions have added to 
the utility of the work. 

HUGH GODFKAY. 

Cambridge, April \%th, 1863. 
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CHAPTER I. 



INTRODUCTION. 

Before proceeding to the consideration of the moon's 
motion, it will be desirable to say a few words on the law of 
attractions, and on the peculiar circumstances which enable us 
to simplify the present investigation. 

1. The law of universal gravitation, as laid down by 
If ewton, is that " Every particle in the universe attracts every 
other particle^ with a force varying directly as the mass of the 
oMracting particle and inversely as the square of the distance 
between them,^^ 

The truth of this law cannot be established by abstract 
reasoning ; but as it is found that the motions of the heavenly 
bodies, calculated on the assumption of its truth, agree more 
and more closely with the observed motions as our calculations 
are more strictly performed, we have every reason to consider 
the law as an established truth, and to attribute any slight 
discrepancy between the results of calculation and observation 
to instrumental errors, to an incomplete analysis, or to our 
ignorance of the existence of some of the disturbing causes. 

Of the last cause of deviation there is a remarkable instance 
in the recent discovery of the planet Neptune, for our acquaint* 

B 



2 LUNAR THEORY. 

ance with which as one of the bodies of our system,* we are 
indebted to the perturbations it produced in the calculated 
places of the planet Uranus. These perturbations were too 
great to be attributed wholly to errors of instruments or of 
calculation; and therefore, either the law of universal gravi- 
tation was here at fault, or some unknown body was disturbing 
the path of the planet. This last supposition, in the powerful 
hands of Messrs. Adams and Le Verrier, led to the detection 
of Neptune by solving the difficult inverse problem, viz: — 
Given the perturbations caused by a body, determine, on the 
assumption of the truth of Newton's law, the orbit and position 
of the disturbing body. 

Evidence so strong as this forces us to admit the correct- 
ness of the assumption, and we must now consider how this 
law, combined with the laws of motion, will enable us to in- 
vestigate the circumstances of the moon's motion, and to assign 
her position at any time when observation has furnished the 
requisite data. 

2. The problem in its present form would be one of 
extreme, if not insurmountable difficulty, if we had to take 
into account simultaneously the actions of the earth, sun, 
planets, &c. on the moon; but fortunately the earth's attrac- 
tion, on account of its proximity, is much greater than the 
disturbing^ force of the sun or of any planet; — these disturb- 
ing forces being so small compared with the absolute force of 
the earth, that the squares and products of the effects they 
jproduce may be neglected, except in extreme cases : and there 
is a principle, called the " principle of the superposition of small 
motions," which shows that in such a case the disturbing forces 
may be considered separately, and the algebraic sum of the 

* It had been seen by Br. Lamcmt at Munich, one year before its being 
Imown to be a planet. *' Solar System, by J. B. Hind." 

t Since the sun attracts both the earth and moon, it is clear that its 
effects on the moon's motion relatively to the earth or the disturbing force 
will not be the same as the absolute force on either body. This will be fully 
investigated in Arts. (9) and (23). 
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disturbances so obtained will be the same as the disturbance 
due to the simultaneous action of all the forces. 

Principle of Superposition of Small Motions, 

3. Let a particle be moving under the action of any number 
of forces some of which are very small, and let A (fig. 1) be the 
position of the particle at any instant. Let two of these small 
forces ?Wj, m^ be omitted, and suppose the path of the particle 
under the action of the remaining forces to be AP in any 
given time. 

Let AP^ be the path which would have been described in 
the same time if m^ also had acted ; AP^ differing very slightly 
from AP^ and PP^ being the disturbance. 

Similarly, if m^ instead of m^ had acted, suppose AP^ to 
have represented the disturbed path {AP^ ^Pii ^P^ ^^ ^^^ 
necessarily in the same plane, nor even plane curves), PP^ 
being the disturbance. 

Lastly, let -4(2 be the actual path of the body when both 
m^ and m^ act. Join P^Q. 

Now, since the path AP^ very nearly coincides with -4P, 
the disturbance P^Q, due to the action of m^ on the path AP^^ 
can differ in magnitude and direction from the disturbance PP^^ 
due to the action of the same force on the path AP^ only by 
a quantity of the first order compared with PP^ or of the 
second order compared with AP^ and it may therefore be 
neglected. Therefore P^Q is parallel and equal to PP^, 

Hence the projection of the whole disturbance PQ on any 
straight line, being equal to the algebraical sum of the pro- 
jections of PP^ and Pj^, will be equal to the algebraical sum 
of the projections of the separate disturbances PP^^ PP^. 

Now if there are three small disturbing forces ?w„ w^, m^^ 
we may consider the joint action of the two m^, w,, as one 
small disturbing force ; therefore, by what precedes, the total 
disturbance along any axis will be the sum of the separftte 
disturbances of m^ and of the system m,, m^] but this last is 
the sum of the separate disturbances of m^ and m^ : therefore 

b2 



4 LUNAR THEORY. 

the whole disturbance equals the sum of the three separate 
disturbances. 

This reasoning can evidently be extended to any number 
of forces; and if x^ y^ z be the coordinates of the disturbed 
particle, ^ (a?, y, z) any function of a?, y, z^ the disturbance pro- 
duced in ^(a?,y, «) will be 

S^(a?,y,2f) = ^ Sa; + ^ % + ^ S^, omitting {hx)% &c., 

where hx = hx^ + hx^ + . . . = sum of disturbances along axis of x 

due to separate forces, 

% = ^yi + %9+ •••= along axis of y, 

hz = hz^-\-iz^-\- ... = along axis of 2?; 

therefore S^ (aj,y, ^) = ^ S^i + ^ S^i + ^ ^^1 

= i^4> (a?, y, 2?) + \4> (a?, y, 2?) + &c., 

or total disturbance equals sum of separate disturbances, which 
proves the proposition. 

4. Since ^ (a?, y , 2?) may be the radius vector, or the latitude 
or longitude of the disturbed body, it follows that the total 
disturbance in any of these elements is the sum of the partial 
disturbances. 

Therefore in determining the motion of a secondary relative 
to its primary, as in the present case of the moon about the 
earth, where the disturbing eflfects produced by the sun and 
planets are small, we may consider them one at a time, and 
hence the famous problem of the Three Bodies, 

The planets being small and distant, their effect on the 
motion of the moon will not be of sufficient intensity to affect 
the order of approximation to which it is intended to carry 
the solution in the following pages, and our problem is reduced 
to the consideration of the three bodies, the sun, earth, and 
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moon, acting on one another according to the law of universal 
gravitation. 

5. But we must still prove another proposition, without 
which the problem would scarcely, though reduced to three 
bodies, be less complicated than in its most general form. 

Newton's law refers to particles^ whereas the sun, earth, and 
moon are large spherical bodies, and it becomes necessary to 
examine the mutual action of such bodies. Now, it happens 
that with this law of force, the attraction of one sphere on 
another can be correctly obtained, and leaves the question in 
exactly the same state as if they were particles. [Princip. 
lib. !• prop. 75.) 

AUractiona of Spherical Bodies, 

6. Let F (fig. 2) be a particle situated at a distance OF = a 
from the centre of a uniform attracting sphere whose density is p 
and radius OA = c, a> c^ the particle being without the sphere. 

Let the whole sphere be divided into circular laminae by 
planes perpendicular to OF, Let 8Q be one of these. F8 = Xj 
FQ = z^ and thickness of lamina = ix. 

Next, let this lamina be divided into concentric rings. Let 
R8 = r be the radius of one of these rings and Sr its breadth, 
lRFO^O] 
therefore r = a?tan^, 

hr = X sec^0.S0, 
The attraction of an element R of this ring on the particle 

F will be p^5 along FB^ and the resolved part of 

.1.. 1 T>/i -nu mass of element ^ 

this along FO will be ^ ^ cose'. 

X sec (7 

But the resultant attraction of the whole ring will clearly 
be the sum of the resolved parts along FO of the attractions 
of its constituent elements ; therefore, 

attraction of ring = — ^ ' ^^ cos^ = 27rp sin Sx,S0 ; 
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therefore, attraction of whole lamina 8Q = ^irphx I miO^dO 

= 27rpBx (1 j • 

Again, «* = ic* + c'* — (a — a?)* = 2ax — (a* — c'*) ; 
therefore zBz = a&u, 

and attraction of lamina = 27rp [ — - —^ Bz) ; 

( z* z^ (n* /*^\ z) 

*•. attraction of whole sphere = 27rp i- :r-3 — ^^ — .. ^ r 

(from 2? = a — cto2? = a-fc) 
__ 47rpc® 

if 



a«^ 



where if == mass of sphere = — ^— . 

3 

Hence, the attrciction of the whole sphere is precisely the same 
as if the whole inass were condensed into its centre. 

Cor. I. The attraction of a shell radius = c and thickness 
Be will be obtained from the preceding expression by differen- 
tiating it with respect to c, and is 

^^ ^. J, , n Airpc^Bc mass of shell 

attraction or shell = — ^ — = = . 

a"* a^ 

Cor. 2. Therefore, the attraction of a heterogeneous sphere 
on an external particle will be the same as if the whole mass 
were condensed into its centre^ provided the density be the same 
at all points equally distant from the centre^ for then the whole 
sphere may be considered as the aggregate of an infinite number 
of uniform shells, and by Cor. 1, each acts as if condensed into 
its centre. 
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7. Let US now consider the case of one sphere attracting 
another. Suppose P In the preceding article to be an elementary 
particle of a sphere M'^ whose centre 0' suppose at a distance 
a from 0. Then, since action and reaction are equal and 
opposite, P will attract the whole sphere M just as it would 
do a particle of mass M placed at ; the same is true of all 
the elementary particles which compose the sphere -Sf, therefore 
the sphere M' will attract the sphere -Sf as if the whole mass 
of the latter were condensed into its centre : but the attraction 
of the sphere M' on a particle is the same as if the attracting 
sphere were condensed into its centre 0' ; therefore, 

Two spheres attract one another as if the whole matter of each 
sphere were collected at its centre, 

8. This remarkable result, which, as may be shewn, holds 
only when the law of attraction is that of the inverse square 
of the distance, or that of the direct distance, or a combination 
of these by addition or subtraction, reduces the problem of the 
sun, earth, and moon to that of three particles; — the slight 
error due to the bodies not being perfect spheres will here be 
neglected, being of an order higher than that to which we 
intend to carry the present investigation: this error however, 
though very small, is appreciable, and if a nearer approximation 
were required, it would be necessary to have regard to this 
circumstance. (See Appendix, Art. 100.) 



1 
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SIOTION RELATIVE TO THE EARTH. 

9, When a number of particles are in motion under their 
n]Lutual attractions or other forces, and the motion relatively to 
one of them Is required, we must bring that one to rest, and 
then keep It at rest without altering the relative motions of the 
others with respect to It. 

Now, firstly, the chosen particle will be brought to rest by 
giving it at any Instant a velocity equal and opposite to that 
which It has at that Instant; secondly. It will be kept at rest 
by applying to It accelerating forces equal and opposite to those 
which act upon It. 

Therefore give the same velocity and apply the same accele- 
rating forces to all the bodies of the system, and the absolute 
motions about the chosen body, which Is now at rest, will be 
the same as their relative motions previously. 

Problem of Two Bodies, 

10. As the sun disturbs the moon's motion with respect to 
the earth. It Is Important to know what that motion would have 
been If no disturbance had existed, or generally : — 

Two bodies attracting one another with forces varying directly 
as the mass and inversely as the square of the distance^ to deter^ 
mine the orbit of one relatively to the other. 

Let Jf, M' be the masses of the bodies, r the distance between 
them at any time f, M' being the body whose motion relatively 

to M is required, 

M 
The accelerating force of M on M' equals -q acting towards 
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M' . 
Mj while that of M' on M equals -^ in the opposite direction. 

Therefore, by the principle above stated, we must apply to both 

M and M' accelerating forces equal and opposite to this latter 

force, and M' will move about Jlf fixed, the accelerating force 

M + M' . . 1 

on M' being r^ — = fiu^^ if /Lt = ilf + ilf ' and r = - . 

Mence, _ + ^.__-, 

where h = r^ -^ = twice the area described in a unit of time, 

at ' 

w = ^ {1-f ecos(^-a)}, 

e and a being constants to be determined by the circumstances 
of the motion at any given time. 

This is the equation to a conic section referred to its focus, 

the eccentricity being e, the semi-latus rectiun — , and the angle 

made by the apse line with the prime radius a. 

In the relative motion of the moon, or in that of the sun 
about the earth, the orbit would, as observation informs us, be 
an ellipse with small eccentricity, that of the moon being about 
^ and that of the sim ^, 

11. The angle — a between the radius vector and the 
apse line is called the true anomaly. 

If n is the angular velocity of a radius vectoF which moving 
imiformly would accomplish its revolution in the same time ai3 
the true one, both passing through the apse at the same instant, 
then w^ + 8 — a is called the mean anomaly^ e being a constant 
depending on the instant when the body is at the apse, its value 
being also equal to the angle between the prime radius and the 
uniformly revolving one when < = 0. 

Thus, if Mf (fig. 3) be the fixed line or prime radius, 
A the apse, 

M' the moving body at time ^, 
Mfi the uniformly revolving radius at same time, the 
direction of motion being represented by the arrow. 
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Let MD be the position of Mfi when t = 0, 
then tMD = & and Is called the epoch,* 

DMfL = nt^ 

TMA = a = longitude of the apse ; 
therefore, mean anomaly = AMfi = n^ + s — a, 
true anomaly = AMM' = TMM' - TMA = ^ - a. 

12. To express the mean anomaly in terms of the true in a 
series ascending according to the powers of^j as far as e^. 

27r ^2 area 

n = — 7—ji — 75 — = 27r -i- — = — 
periodic time h 

27rA h 



2irab a^ V(l - e^) ' 
therefore h = w«* (1 — e'*)*, 

rfd A A '{l + 6Cos(d-a)}* 



= ^(l-0*{l + 6cos(^-a)} 



-51 



= - (1 - !«*) {1 - 2e co8(^-a) + 3e' cos*(^-a)} 

= - {1 - 2e cos((? - a) + f e" cos2 (^ - a)} ; 

therefore w^ + e = ^ — 2e sln(^ — a) + f 6* 8ln2 (^ — a), 
or (w« + e-a)= (^-a) -2esm(d-a) + fe* sm2(d-a), 
the required relation. 

13. To depress the true anomaly in terms of the mean to the 
same order of approximation, 

^-a = /if + e-a + 2e sin (^ - a) - fe'' sin 2 (^ - a) ... (1) ; 
.'. ^ — a = n^ + s — a first approximation. 

* The introduction of the epoch is avoided in the Lunar theory by a par- 
tLCular assumption (Art. 84); but in the Planetary it forms one of the elements 
of the orbit. 
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Substituting this in the first small terms of (1), we get 

^ — a = 7i< + e — a + 2e sin(7i^ + e — a)..,a second approximation. 

Substitute the second approximation in that small term of (1) 
which is multiplied by e, and the first approximation in that 
multiplied by e*; the result will be correct to that term, and 
gives 

^ — a = w^ + e — a + 2e sin{n^ + s — a + 26 sin(n< + e — a)} 

- fe*sin2(w< + e-a) 
= w< + e — a + 2e sin(w^ + e — a) 

+ 4e*cos(n^ 4 s — a) sin(w^ + e — a) — f e* sin2 (w< + e — a) 

= nt -\- e — a + 2e 8in(w^ + s — a) + fe*sin2 (n^ + e — a), 

the required relation. 

The development could be carried on by the same process 
to any power of e, but in what follows we shall not require 
it further than e\ 



Problem of Three Bodies, 

14. In order to fix the position of the moon with respect 
to the centre of the earth, which, by means of the process 
described in Art. (9), is reduced to and kept at rest, we must 
have some determinate invariable plane passing through the 
earth's centre to which the motion may be referred. 

The plane which passes through the earth's centre and the 
direction of the sun's motion at any instant is called the true 
ecliptic ; and as a first rough result of calculation, obtained on 
supposition of the sun and earth being the only bodies in the 
universe, this plane, in which, according to the last section, an 
elliptic orbit would be described, is a fixed plane : but this is no 
longer the case when we take into account the disturbances 
produced by the moon and planets, and it becomes necessary 
to substitute some other plane of reference unaffected by these 
disturbances. 
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Theory teaches us that such a plane exists,* but as Its deter- 
mination can only be the work of time, the following theorem 
will supply us with a plane whose motion is extremely slow, 
and it may for a long period and to a degree of approximation 
far beyond that to which we shall carry our investigations, be 
considered as fixed and coinciding with its position at 
present. 

15. The centre of gravity of the earth and moon describes 
relatively to the sun an orbit very nearly in one plane and 
elliptic; the square of the ratio of the distances of the moon 
and sun fi'om the earth being neglected.f 



8 




Let 8^ E^ M be the centres of the sun, earth, and moon, 
O the centre of gravity of the two last. Now the motion of 
O is the same as if the whole mass E+M were collected there 
and acted on by forces equal and parallel to the moving forces 
which act on E and M. The whole force on G is therefore 
in the plane 8EM] join 80, 

♦ See Poinsot, " Theorie et determination de Vequateur du systime tolaire,*' 
where he proves iihat an inyariable plane exists for the solar system, that is, 
a plane whose position relatively to the fixed stars will always be the same 
whatever changes the orbits of the planets may experience ; but as its position 
depends on the moments of inertia of the snn, planets, and satellites, and 
therefore on their internal conformation, it cannot be determined & priori^ 
and ages must elapse before observation can furnish sufficient data for doing 
80 d posteriori. 

This result Poinsot obtains on the supposition that the solar system is 
a free system ; but it is possible, as he furthermore remarks, nay probable, 
that the stars exert some action upon it, it follows that this invariable plane 
may itself be variable, though the change must, according to our ideas of 
time and space, be indefinitely slow and smaU. 

t This ratio is about -^^-q and, as we shaU see Art. (21), such a quantity 
we shaU consider as of the 2nd order of smaU, quantities, and its square there- 
fore of the 4th order. Our investigations are carried to the 2nd order only. 



PLANE OF REFERENCE. IB- 

Let jl8GM= CO, and let m be the sun's absolute force. 
Moving force on ^ = -^^ In E8j 

m.M . 
moving force on ilf = "aTTa ^^ ^^' 

These* applied to O parallel to themselves are equivalent to 

m'.E.OE m.M.OM . ,. ' . .^,^ 
~M^ 8W — ^^ direction (?if, 

, m.K8G mM.SG ^lo 

a^d —sw + -mp- ^^' 

But SE" = 8G' + GE'' + %8G. GE cos g>, 

)ffiir = fi't?" + GM" - 2.fif(?. GMcoBw. 

1 1 3.6^^ 

Hence ^^ = ^^ - -^ coso, ^ ^ 



1 1 3.(^iif n''''^^\m)^ 



8M' SG' ' ;8G^* 



COSO) 



Now E.GE==M.GM={M+E) ^^^^^g^. Therefore the ac- 
celerating force In the direction (?if 

= ^^5 COSft> 

= — 3 (accelerating force of sun on G) -^^ . -^^ cosw 

= according to the standard of approximation adopted. 

Hence the only force on (? Is a central force tending to 8j 
and therefore the motion of G will be In one plane. 

* In strictness it would be necessary, since we have brought S to rest, to 
apply to both M and E, and therefore to G, accelerating forces equal and 
opposite to those which E and M themselyes exert on S; but the mass of <S> is 
so large compared with those of E and M, that we may safely neglect these 
forces in this approximate determination of the path of G, the error beiog of 

a stiU higher order than that introduced by the neglect of [ -^ ] « 
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Again, the accelerating force in G8 



m'SG (E+M ZiE.GE-M.QM) \ 

= m^e\-8W— — m* ""''" 



m 



= -^^ to the same approximation. 

Therefore the orbit of O about S is very approximately an 
ellipse with S in the focus, and the plane of this ellipse is, as 
far as our investigations are concerned, a fixed plane when 
8 is fixed. 

This fixed plane is called the plane of the ecliptic^ or simply 
the ecliptic, 

16. A plane through the earth's centre parallel to the 
ecliptic will be the plane of reference we require (14) and will 
become a fixed plane when we bring the earth's centre to rest, 
the ecliptic then making small monthly oscillations from one 
side to the other of our fixed plane. 

17. The sun will have a latitude always of the same name 
as that of the moon, and deducible from it, when E8^ EM^ 
and the ratio of the masses of the earth and moon are known. 
For if 8' EM' be this fixed plane through E (fig. 4), 8\ G\ M\ 
the projections of /S, G^ M^ 

then, sin(sun's lat.) 

. oTPa' ^^' 6^^' JS;Gf.sm(moon'slat.) 
= sm«^^=^ = -g^ = ^ 

M EM . f , , . . 
^ETM'ES^'^^'^''''''^^''^'^ 

Now, from observation it is known that M is about ^ of -E, 

and EM :^^-^oiE8] 

xT. r • / » 1 x\ sin (moon's lat.) , 
therefore sm (sun's lat.) = — ^ »^.^^ nearly. 

And as the moon's latitude never exceeds 5** 9', the sun's lati- 
tude will always be less than 1". 
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Again, with respect to the sun's longitude: let Et be the 
direction of the first point of Aries, — that is, a fixed line in 
our plane of reference from which the longitudes of the bodies 
are reckoned. TE8' = ff the sun's longitude. 

The diflference in the sun's longitude, as seen from E or from 
G^, will be the angle i^;S'G^'. 

smES'G' = -^TaF sin© = approximately, if EG' 8' = ft> ; 

therefore sinES'G' never exceeds ^^^77? 

therefore E8'G' is a small angle not exceeding 7". 

Also E8' '-8'G'< EG' < ^^^^^ 8' G'. 

Now, by assuming the longitude and distance of the sun 
as seen from E to be the same as when seen from G^ we 
commit the above small errors in the position of 8\ that is, 
we assume the sun to be at 8" instead of /8, 8' 8" being drawn 
equal and parallel to G'E. K our object were the deter- 
mination of the sun's position, it would be necessary to take 
this into account; but the consequent small errors introduced 
in the disturbance of the moon will clearly, on account of 
the great distance of the sim, be of a far higher order, and 
may therefore be neglected. 

18. Hence we may assume that the motion of the sun 
about the earth at rest is an ellipse having the earth for its 
focus, and its equation 

w'^a'{l+e'co8(d'-C)}, 

and we are safe that no appreciable error will ensue in the 
determination of the moon's place.* 

* That is, as far as the three bodies alone are conc^ned ;-^but, since the 
attractions of the planets may, and in fact do, disturb the elliptic orbit of the 
sun about G, the same cause will disturb the euswned orbit about E. A re- 
markable result of this disturbance is noticed in Appendix, Art. (99). 



( 16 ) 



CHAPTER III. 



RIGOROUS DIFFERENTIAL EQUATIONS OF THE MOON'S MOTION 
AND APPROXIMATE EXPRESSIONS OF THE FORCES. 

19. The earth having been reduced to rest by the process 
described in Art. (9), its centre may be taken as origin of 
coordinates, the fixed plane of reference as plane of ocy and the 
line -BT as axis of x (fig. 5). 

Let r, Q be the coordinates of the projection M of the moon 
on the plane xy^ s the tangent of the moon's latitude MEM\ 
Also let the accelerating forces which act on the moon be 
resolved into these three : 

P parallel to the projected radius M'E and towards the earthy 

T parallel to the plane xy^ perpendicular to P and in the direc- 
tion of 6 increasing^ 

8 perpendicular to the fixed plane and towards it. 

df r'^r^ 

, d^y d^x rr 

whence ^.-^y—^Tr, 

d^x d^y ^ 

d^z 
also ^ = — /S. 
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And Introducing polar coordinates, these equations become 

• !.{■'%)' ^ «. 

^p- = -S. (lil). 

20. These three equations for determining the moon's 
motion take the time t for independent variable, but it will 
be more convenient in the following process to consider the 
longitude as such, and our next step will be to change the 
independent variable from t to 6. 

From (i) we get 

dd d / « d6\ _^ rp z ^^ 

Tt dt\ li)~ ~dt' 

therefore (v ^V = A" + 2 f 2V»rf», 

fJTJ 
= H* suppose, whence JT-^ = IV'. 

Therefore ^- = --- = Hu*. if w = - , 

at IT ' r ^ 

dt I 1 f . 



7^ 



dd Hu' 



'^^/{'^'h'') 



. . dr dr d0 rr^'^ 

^s^"*' m = d0'-dt = --^d0* 



d^r ^ d f Tf^'^ 
W^dtV^dd 

Substitute in (ii), 

d f ^du 



h-^^U=%)- 



therefore m? ^(h^] + H\'== F, 



c 
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and writing for IP and for H -j^ their values W -\'1\-gdQ and — « 

the equation becomes 

P T du 

d'u Wxjf h^u^ de 

H- ^ = ^}j, (^). 



de" 



f— 



l-}-2hT-kd0 



This is called the differential equation of the moon's radiris vector. 

Lastly, 

,„ /s\ ( ds du 

_ _ a« au^ 

W^'^dii 7 '~di\ "dtY^V^W^de, 



8\ ( ds aw -j 

^ .W d rdd^^Je dd\ ,d („f 
'^'^-cfT'^dtX — ;? — -rfj^rfa r^~' 

-m ^f d^s d'^u\ TT^H ^1 ds du\ 

from (A), JPs = E^ti* (« "ja + ^) + ^ ^ «'" ^ > 

therefore Fs - 8 = E'u' (^ + «) + -^ ^ «' J 5 

Pg- 5 r ds 
therefore ^ + *= , w< (7)- 

This is the differential equation of the moorCs latitude. 

If the three equations (a), ()9), (7) could be integrated under 
these general forms, then, since they are perfectly rigorous, the 
problem of the moon's motion would be completely solved ; for 
as only four variables u^ ^, 5, and t are involved (the accelerating 
forces P, jT, and 8 are functions of these), the values of three 
of them, as w, ^, 5, could be obtained in terms of the fourth t ; 
that is, the radius vector, longitude, and latitude would be 
known corresponding to a given time. 

21. But the integration has never yet been effected, except 
for particular values of P, T, and 8\ and the method which we 
are in consequence forced to adopt, is that of successive ap- 
proximation, by which the values of w, d, and s are obtained 
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in a series, the terms proceeding according to ascending powers 
of small fractions, some one being chosen as a standard with 
which all others Tire compared, and the order of the approx- 
imation is estimated by the highest power of the small fractions 
retained. 

It is usual to consider ^ as a small fraction of the first order, 

consequently^ of ^ = ^^riy ^^ second 

^ttWis third 

and so on, other fractions being considered as of the 1st, 2nd, &c. 
orders, according as they more nearly coincide with ^^, j^jj^ &c. 

22. It is necessary therefore, before we can approximate 
at all, that we should have a previous knowledge (a rough one 
is sufficient) of the values of some of the quantities involved in 
our investigations; and for this knowledge we must have re- 
course to observation. 

We shall therefore assume as data the following results of 
observation : 

(1) The moon moves in longitude about thirteen times as 
fast as the sun. The accurate ratio of the mean motions in 
longitude represented by m is therefore about y^^, and may be 
considered as of the 1st order.* 

(2) The sun's distance from the earth is about 400 times 
as great as the moon's distance. 

Hence the ratio of the mean distances = ^^^ is of the second 
order, f 

" (3) The eccentricity e' of the elliptic orbit which the sun 
approximately describes about the earth is about ^, and this, 
approaching nearer in value to ^ than to ^^^, will be con- 
sidered as of the 1st order. 



* This approximate value of m is easily obtained ; — the moon is found to 
perform the tour of the heayens, returning to the some position among the 
fixed stars, in about 27i days ; the sim takes 365i days to accomplii^ the same 
journey. 

t The distances of the luminaries may be calculated from their horizontal 
parallaxes, found by observations made at remote geographical stations. 

C2 
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(4) During one revolution, the moon moves pretty accurately 
in a plane inclined to the plane of the ecliptic at an angle whose 
tangent is about 3^, and therefore of the 1st order.* 

(5) Its orbit in this plane is very nearly an ellipse having 
the centre of the earth iq its focus, and whose eccentricity is 
about equal to our standard of small fractions of the 1st order, 
viz. ^ ; and this will also be very nearly true of the projection 
of the orbit on the plane of the eclipticf 

To calculate the values of P, T, S, 

23. We are now in possession of the data requisite for 
beginning our approximations, and we shall proceed to the 
determination of the values of P, T, and 8 in terms of the co- 
ordinates of the positions of the sun and moon. 

Let 8^' Ej M (fig. 6) be the centres of the sun, earth, and 

moon, 

m', Ej M their masses, 

Ej M'j the projections on the plane of the ecliptic, 

G the centre of gravity of JE and Jf, 

/A = ^ + if, 

MOM* = tan"*« = moon's latitude, 

E't the direction of the first point of Aries, 

8G = r' = A; ^ T^';S^= ^ = longitude of sun, 

* That the moon's orbit during one reyolution is yery nearly a plane in- 
clined as we have stated, wiU be found by noting its position day after day 
among the fixed stars ; and the rules of Spherical Trigonometry wiU easily 
enable us to yerify both facts, the sun's path haying previously been ascer- 
tained in a similar way. 

t The elliptic nature and value of the eccentricity of the moon's orbit may 
be found by daily observation of her parallax, whence her distance from the 
earth's centre may be determined: corresponding observations of her place 
in the heavens being taken, and corrected for parallax to reduce them to the 
earth's centre, wiU determine her angular motion. Lines proportional to the 
distances being then drawn from a point in the proper directions, the ex- 
tremities mark out the form of the moon's orbit. 

The same method applies to the determination of the eccentricity of the 
sun's orbit. 
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M'JS' = r = i ; L tE'M = = longitude of moon, 

/. 8E'M' = ^ — ^ = difference of longitude of sun and moon. 

The forces we have to take into account are, according to 
Art. (9), the forces which act directly on Jlf, and forces equal 
and opposite to those which act on E] — ^these last being applied 
to the whole system so that E may be a fixed point. 

Attraction of 8 upon M = -^^ in M8^ equivalent to 

^ ;g^ ^MQ, 

r' 
m* -q^ parallel to 08] 

E 
attraction of ^upon M— j=^ mME\^ 

attraction of 8 upon E = -—^ in E8^ equivalent to 

w -^ m EG^ 

rri -^^ parallel to 08] 

M 
attraction of If upon E^ lOrm ^ ^^* 

Therefore, the whole attraction upon Jf, when E is brought 

to rest, is 

E^M ,fMO E0\. „^ 

and mV \-gjp - ^g^j parallel to 08. 

These expressions of the accelerating forces on JIf are rigorous, 
and can be expressed in terms of the masses and coordinates of 
the bodies ; but since our investigations will be carried only to 
the second order, it will be sufficient if, in the preceding, we 
neglect small quantities of the fourth and higher orders. 
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Now, SM' = SM'^' + MM"" 

= 8CP + OW^ - 280.0M' cosSGM' + MM'' 

= r"" f 1 - 2 — r- C0&8GM' + — ^j ; 

therefore -^^3 = -^ii + —^ co8(^ - 5')l ; 

for 5- ^' or /Si^'if' differs from 80M' by less than 7", Art. (17), 
and ( — — I IS neglected, being of the fourth order, Art. (22). 

Similarly, -^ ^ ^^ V ~ ^^ (^ ~ ^) * 5 

therefore, the accelerating forces on the moon are approximately 
-^ + ^3 {M0+ GE) in direction if^, 

and ^ {GM'+ OE) co8(^-d') parallel to GS; 

whence P = (^ + ^ ME\ coaMGM' - ^ M'E' coe^iO-ff) 



»^ (! + ««)* *■ ^'' 



m'u" 



= /.«» (1 _ I ««) - 1:1^ {i + I C092{d - 0')}, 

r = - ^' JIf'j;' cas{e-ff) un{0-&) 

= - t ^\in2(0 - ^) 
« = (;^« + 75 >3fE) 8mJlfG!Jlf' 



[r'[l + ^)^ r" |V(H-«') 



= /*m' («-!»') + 



I '8 



' '3 

mu 8 



Ps^ 8 =-^^^{f + fcos2(e-^')). 
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24. The differential equations In Art, (20), when these 
values of the forces are substituted in them, would contain a 
new variable 6\ but we shall find means to establish a con- 
nexion between ^, 6^ and 6' which will enable us to eliminate ff. 

They will, however, be still Incapable of solution except 
by successive approximation; but before proceeding to this, it 
will be Important to consider the order of the disturbing effect 
of the sun's action, compared with the direct action of the earth. 
Now, If we examine the values of P, T, and 8^ It will be found 
that the most important of the terms containing m', which are 
clearly the disturbing forces since they depend upon the sun, 

are Involved In the form — ^g" ? while those independent of the 



sun's action enter in the form ^ . 

r 

We must therefore find the order of — 75 compared with ^ , 



^r^V» 5. 



Now the orbits being nearly circular, and m the ratio of the 
mean motions, Art. (22), we have 

_ mean motion of sun _ periodic time of moon | 

" mean motion of moon "" periodic time of sun J 

therefore —« • ^ '•: wl^ • 1» 

or the disturbing force of the sun Is of the second order. 
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CHAPTER IV. 



INTEGRATION OF THE DIFFERENTIAL EQUATIONS. 



Section I. 

General process described, 

25. The dlflferentlal equations which we have obtained are, 
as akeady stated, incapable of solution in their general forms; 
and even when P, T, &c. have been replaced by their values, 
the integration cannot be effected, and we must proceed by 
successive approximation. 

Firstly, neglect the disturbing force of the sun which is of 
the second order, and also the moon's latitude, which, as will 
be seen by referring to the expressions for the forces (23), will 
either enter to the second power or else in combination with 
the disturbing force. 

When this is done the equations can be integrated, and 
values of u and 8 obtained in terms of correct to the same 
order of approximation as the differential equations themselves, 
that is, to the first order; and this value of u will enable us 
to get the connexion between and t to the same order. 

[Let us, howeyer, bear in mind that the equations thus integrated are 
not the differential equations of the moon's motions, but only approximate 
forms of them ; and it is, therefore, possible that the results obtained may 
not be even approximate forms of the true solutions. 

Whether they are so or not, can only appear by comparing them with 
what we already know of the motion from observation, and this previous 
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knowledge, in the event of their not heing approximations, will probably 
suggest such modifications of them as will render them so.*] 

The integration of the equations (a), (^), (7) can be per- 
formed when the second members are circular functions of 0] 
and as the first approximation will give us the values of u and s 
in that form, when these values are admissible and carried into 
the expressions for the forces, they also will be expressed as 
functions of 0^ and we can proceed to a higher approximation. 

The new approximate values of P, Tj 8 are then made use 
of to reduce the second members of the differential equations 
to functions of 0^ retaining those terms of the expressions which 
are of the second order. 

The equations are again integrable, and this being done, 
the values of w, «, t will be obtained correctly to the second 
order. These values introduced in the same manner in the 
second members, and terms of the next higher order retained, 
will lead to a third approximation, and so on, to any order; 
except that if we wish to carry it on beyond the third, the 
approximate values of the forces, given in Art. (23), would no 
longer be sufficiently exact. 

26. There is, however, a peculiarity In these equations, when 
solved by this process, which we must notice. We have said 
that to obtain the values to any order, all terms up to that 
order must be retained in the second members: but it may 
happen that a term of an order beyond that to which we are 
working would, if retained, be so altered by the integration 
as to come within the proposed order. 

Such terms must therefore not be rejected, and we shall 
proceed to examine by what means they may be recognised. 



d'u 
• We cannot say d priori that the solution of -^ +«=/(«, 0) shall be of 

the same form as that of ^ + w = </>(0), even though </>(©) should be a very 

approximate value of /(w, 0), but there is a presumption in favour of such a 
supposition. 
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27. Suppose then that after an approximation to a certain 
order, the substitutions for the next step have brought the 
equation in u to the form 

^ + w = + G cos(^^+ S) + , 

where the coefficient G is one order beyond that which we 

intend to retain. The solution of this equation will be of the 

form 

w= + G' co&{p0 + H) + ....... 

G' being a constant to be determined by putting this value of 
u in the differential equation, 

whence G' = :; j , 

1 — ^ ' 

from which we learn that if ^^ differs very little from 1, G' will 
be one order lower than (r, and will come within our proposed 
approximation, and consequently the term G cos {j)d + H) must 
be retained in the differential equation. 

The equation of the moon's latitude being of the same form 
as that of the radius vector, the same remarks apply to it. 

28. Again, in finding the connexion between the longitude 
and the time (one of the principal objects of the Theory), we 
must use equation (a). Art. (20), 

dt 1 



^^V^-^'/av^^) 



Now, having developed the second member and substituted 
for w, &c. their values in terms of ^, let it become 

^= +(?cos(j^ + i?)+ ; 

hence, t = + - sm{qe + E) + 

Therefore, when q is of the first order, — will be one order lower 

than Qj and the term will have risen in importance by the 
integration. 
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. T 

But yet further, if such terms occur in -^ , they will be twice 

r T 

increased in value ; for they increase once in forming \jt-% ^^j 

and once again, as above, in finding t. 

T 
Since such terms occur in the development of -5, and also 

dO 
of -^ , on account of their previously being found in w, we must 

examine how they appeair in the difibrential equation that gives 

u^ that we may recognise and retain them at the outset. Now, 

by referring to the last article, we see that when p is very small 

.IT 
O and G' will be of the same order ; and in -= , -g the order 

of the term will still be the same ; so that all the terms which 
it will be necessary to retain are known at the outset. 

29, We have, therefore, the following rule : 

In approximating to any given order ^ we must^ in the diffe- 
rential equations for u and s, retain periodical terms ONE ORDER 
beyond the proposed one^ when the coefficient of 6 in their argument 
is nearly equal to 1 or 0] and terms in which the coefficient of 
the argument is nearly equal to 0, must be retained TWO ORDERS 

T 
higher than the proposed approximation when they occur in ^rs • 

If we wished to obtain u only and not <, there would be no 
necessity for retaining those terms of a more advanced order 
in which the coefficient of 6 nearly equals 0. 



Section II. 

To solve the Equations to the first order, 

30. We shall in this first step neglect the terms which 
depend on the disturbing force, i,e. those terms which contain 
i?i', for we have seen. Art. (24), that such terms will be of the 
second order. 
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The differential equations may be written under the more 
convenient form 

^ _ -P T du 



d\ Ps^ 8 

+ « = 



T ds ^ fd^'s \ f T ,^' ,. 



de" ^ hv 

The latitude s of the moon can never exceed the inclination 
of the orbit to the ecliptic; but this inclination is of the first 
order, therefore $ is at least of the first order and 5^ may be 
neglected. 

Therefore, from Art. (23), 

and the differential equations become 

d\ _ fi 

d's 

whence u = ^ {I + e cos(5— a)], or, writing a for ^ , 

w = a {1 4 e cos(^-a)} (?7J, 

and 8 = k sm{6 — y) ()8J, 

e, a, A, 7 being the four constants introduced by integration. 

31. These results are in perfect agreement with what rovgh 

observations had already taught us concerning the moon's motion 

Art.. (22) ; for 

u = a {I -\- e cos(d — a)} 

represents motion in an ellipse about the earth as focus. 

Again, « = A; sin(^ — 7) indicates motion in a plane inclined 
to the ecliptic at an angle tan"^A. 

For, ifrOM' be the ecliptic, (fig. 7) 
Jf the moon's place, 
MM' an arc perpendicular to the ecliptic, 

then TJf ' = ; 
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and if TO be taken equal to 7, and OJf joined by an arc of 
great circle, we have 

sin Oif = tanibOf' cot MOHf ; 

or sin (^ — 7) = 5 cot MOM' ^ 

which, compared with the equation above, shews that 

MOM' ^ tsin'k. 

Therefore, the moon is in a plane passing through a fixed point 
and making a constant angle with the ecliptic ; or, the moon 
moves in a plane. 

• 

32, What the equations can not teach us, however, and for 

which we must have recourse to our observations, is the approx- 
imate magnitude of the quantities e and k. By referring to 
Art. (22), we see that 6 is about ^ and k about ^, that is, 
both these quantities are of the first order. Their exact values 
cannot yet be obtained : the means of doing so from multiplied 
observations will be indicated further on. 

The values of a and 7 introduced in the above solutions are 
respectively the longitude of the apse and of the node. 

33. Lastly, to find the connexion between t and &, the 
equation (a) becomes, making 7=0, 

dl_J^_jL 1 

d0 " hu"" ~ Aa* {1 + e cos(^-a)}* ' 

Now this is the very same equation that we had connecting 
t and in the problem of two bodies^ Art. (12), as we ought to 
expect, since we have neglected the sun's action. Therefore, 
if J? be the moon's mean angular velocity, we should, following 
the same process as in the article referred to, arrive at the 
result 

=: j)t + & + 2e sm{pt + e- a) + fe" sm2(^^ + e-a) + , 

which is correct only to the first order, since we have rejected 
some terms of the second order by neglecting the disturbing 
force. 
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34. The arbitrary constant e, introduced in the process 'of 
integration, can be got rid of by a proper assumption: this 
assumption is, that the time t is reckoned from the instant when 
the mean value of is zero.* 

For, since the mean value of ^, foimd by rejecting the 
periodical terms, is ^* -I- s ; if, when this vanishes, ^ = 0, we 
must have s = ; therefore 

e =^pt'\- 2e sin(^«-a) 0^, 

correct to the first order.f 

35. We have now obtained three results, C/|, /S^, 0^, 
as solutions to the first order of our difi'erential equations, 
and we must employ them to obtain the next approximate 
solutions : but before U^ and 8^ can be so employed they must 
be slightly modified, in such a manner however as not to inter- 
fere with their degree of approximation. 

The necessity for such a modification will appear from the 
following considerations: 

Suppose we proceed with the values already obtained; we 
have, by Art. (23), 

AV fi'^ *^ 2AV ^ 

= + A cos(5-a) + ; 

* When a function of a variable contains periodical terms which go through 
aU their changes positive and negative as the variable increases continuously, 
the mean value of the function is the part which is independent of the periodical 
terms. 

t We shall also employ this method of correcting the integral in our next 
approximation to the value of in terms of t ; and if we purposed to carry our 
approximations to a higher order than the second, we should still adopt the 
same value, that is, zero, for the arbitrary constant introduced by the integra- 
tion. To shew the advantage of thus correcting with respect to mean values : 
suppose we reckoned the time from some dejinite value of 0, for instance when 
0=0 ; then, in the first approximation, 

= e + 2« sin(« — a), 
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tfid this being substituted in the differential equation (j8') of 
Art. (30), gives 



d^ 



la + w = + A cos(^-a) + 



d& 
the solution of which is 

u = a{l + ecos(^ — a)} H- + \A6 sm(^— a). 

Our first approximate value w = a {H-ecos(5 — a)} is thus 
corrected by a term which, on account of the factor ^, adinits 
of indefinite increase, and thus becomes ultimately a more 
important term than that with which we started as being very 
nearly the true value, and which is confirmed as such by obser- 
vation (22) : for the moon's distance, as determined by her 
parallax, is never much less than 60 times the earth's radius; 
whereas this new value of w, when is very great, would make 
the distance indefinitely small; and, on the same principle, 
we see that any solution, which comprises a term of the form 
AO sin (5 — a), cannot be an approximate solution except for 
a small range of values of 6, 

Such terms *if they really had an existence in our system, must end 

* in its destruction, or at least in the total subversion of its present state ; 

* but when they do occur, they have their origin, not in the nature of the 

* differential equations, but in the imperfection of our analysis, and in the 

* inadequate representation of the perturbations, and are to be got rid of, 

* or rather included in more general expressions of a periodical nature, by 

* a more refined investigation than that which led us to them. The nature 

* of this difi&culty will be easily understood from the following reasoning. 

* Suppose that a term, such as a sin (AO f B\ should exist in the value 

* of w, in which A being extremely minute, the period of the inequality 

* denoted by it would be of great length; then, whatever might be the value 
' of the coefficient a, the inequality would still be always confined within 

* certain limits, and after many ages would return to its former state. 

* Suppose now that our peculiar mode of arriving at the value of w, led 

* us to this term, not in its real analytical form a sin (AO ^^ B), but by the 

is the equation for determining the constant e, and in the second approxima- 
tion, e would be foimd from 

= €+2esin(«-a) + fe"sin2(«-o)4- 

giving different values of £ at each successive approximation. 
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* way of its development in powers of ^, a ^ pO \ <y^ i &c.; and that,#>t 
*at once, but piecemeal, as it were; a iirst approximation giving us only 

* the term «, a second adding the term pO^ and so on. If we stopped here, 

* it is obvious that we should mistake the nature of this inequality, and that 
' a really periodical function, from the effect of an imperfect approximation* 

' would appear under the form of one not periodical These terms 

' in the value of w, when they occur, are not superfluous ; they are essential 
'to its expression, but they lead us to erroneous conclusions as to the 
' stability of our system and the general laws of its perturbations, unless 

* we keep in view that they are only parts of series ; the principal parts, 
' it is true, when we confine ourselves to intervals of moderate length, 

* but which cease to be so after the lapse of very long times, the rest of 
' the series acquiring ultimately the preponderance, and compensating the 
'want of periodicity of its first terms.' — SiK John Hersghel, Eney- 
chpcedia MetropoUtana — Physical Astronomy, p. 679. 

36. To extricate ourselves from this difficulty, and to alter 
the solutioii so that none but periodical terms may be intro- 

duced, let us again observe that the equation -^ + w = |^ = a 

of Art. (30), which gave the solution U^ and thus led to the 
difficulty, is only an approximate form of the first order of the 
exact equation {^') of the same article. Any value of w, therefore, 

which satisfies the approximate equation -^ + w = a to the 

first order, and which evades the difficulty mentioned above, 
may be taken as a solution to the same order of the exact 
equation (^8'). 

Such a value will be 

u = a{l+ecos(c5 — a)} ?7/, 

provided 1 — c'* be of the first order at least, for then 

dPu 

— + w = a + ae (1 — c*) cos (cd — a), 

= a to the first order. 

37. The observations hitherto made to chec^ our approx- 
imations were extremely rough (22), and carried on oidy for 
a short interval; but when they are made with a little more 
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accuracy, and extended over several revolutions of the moon, 
it IS found that her apse and the plane of her orbit are in 
constant motion. 

The above form of the value of u is suggested by our pre- 
vious knowledge of this motion of the apse, which, as we shall 
see Art. (66), is connected with the value of c here introduced ; 
and there is no doubt that Clairaut, to whom this artifice is 
due, was led to it by that consideration, and by his acquaint- 
ance with the results of Newton's ninth section, which, when 
translated into analytical language, lead at once to this form 
of the value of w.* 

We might, therefore, taking for granted the results of ob- 
servation, have commenced our approximations at this step, 
and have at once written down 

u = a {I + e cos {cQ — a)}, 

but we should, in so doing, have merely postponed the difficulty 
to the next step, since there again, as we shall find, the dif- 
ferential equation is of the form 

— ~ -I- 1^ = a function of 0. 
atr 

the correct integral of which would be, 

u = A cos(^ - B) + , 

and this would at the next operation bring in a term with for 
a coefficient, which we now know must not be. We shall, there- 

* Newton has there shewn, that if the angular velocity of the orbit be 
to that of the body as 6? - 2^ to G, the additional centripetal force is 

— r^r- AV, the original force being fiu*. Therefore 
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fore, hereafter omit such terms as ^ cos (3 — B) altogether, and 
merely write 

u = a{l + e cos(c5 — a)} 4- 

38. So far, all that we know about c is that it differs from 
unity at most by a quantity of the first order, but its value will 
be more and more correctly obtained by always writing, in the 
successive approximations, a + ae cos {c0 — a) for the first two 
terms of the value of Uj then the coefficient of cos(c5 — a) in 
the differential equation must equal a€(l — c*); and this will 
enable us to determine c to the same order of approximation 
as that of the differential equation itself. See Arts. (48) and (94). 

39. In carrying on the solution of «, the same difficulty 
arises as in u^ and it will be found necessary to change it into 

s = k Anigd — 7) /8"„ 

g being a quantity which differs from unity at most by a quan- 
tity of the first order. See Arts. (49) and (95). 

40. The equation 0j will also be modified by this change 
in the value of w, 

^ _ J J 

dd' ha^ {l-f6Cos(c5-a)}^' 

d.ct _ _1 1 

Jxd'^ M {1 + € cos(c^ - a)}" • 

Here cQ and ct hold the places which Q and t occupied 
in (33) ; therefore 

cO ^ opt -V 2e sin(cp^- a), 
or =pt + 2e sin(cpf — a) 0'^ 

to the first order, since - = e to the first order. 

' c 

41. Since the disturbing forces are to be taken into account 
In the next approximation, we shall have to use the value of 
u' found in (18), which is 

t*' = a'{H-c'cos(^'-?)}: 



or 
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but this introduces &\ we must therefore further modify it by 
substituting for ff its value in'terms of 6^ and it will be found 
sufficient, for the purpose of the present work, to obtain the 
connexion between them to the first order, which may be done 
as follows : 

Let m be the ratio of the mean motions of the sun and moon, 

jp\ p their mean angular velocities ; /. p' = ?wp, 

p't -\- P^ pt mean longitudes at time f, y9 being the sun's 

longitude when f = 0, 

0\ true longitudes at time f, 

?, a longitude of perigees when ^ = ; 

therefore ^ fi' — f = sun's true anomaly, 

and pt + fi — ^= mean anomaly. 

But, by Art. (13), 
true anomaly = mean anomaly + 2e sin (mean anomaly) + &c.; 

therefore 0' = pt + fi + 2e sin (/« + ^3 - ?) + 

= mpt + fi + 2e' sin (iwp< + yS - f ) + 

= m5 + y9 + 2e sm{m0 -\- 13 - i) 

. to the first order ; 

because pt =^ — 2e sin(c^~ a) to the first order by (40). 

Whence u = a {1 + e co8{m0 + /8 — f )} to the first order. 

42. The values of sin2(^- 0') and cos 2(^—5') can also be 
readily obtained to the same order : 

sin 2(5 -5') 

= sm {(2 - 2w) 5 - 2/8 - 4.e' am{m0 + ^3 - ?)} 

= sin {(2 - 2m) 0-2/3}- 4e' sin(wd-f y3- ?) cos [(2 - 2m) 0-2fi] 

= sin {(2 - 2w) 5- 2^3} -2e'sin {(2 - w) 0-y3- ?} 

+ 2e' sin {(2 - 3w) 5 - 3/8 + ?}. 

Similarly, cos 2{0- 0') = cos {(2 - 2m) 5 - 2^3} 

- 2e cos {(2 -7w) 5-/8- ?} + 2e' cos {(2 - Bm) 0- 3/8 + ?}. 

The first term of each of these is all we shall require. 

d2 
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Section' III. 

To solve the Equations to the Second Order. 

43. Let us recapitulate the results of the last approximation : 

w = a {1 -f e cos(c5 - a)}, 
u = a {1 +e cos(m^ + /8— f)}, 
8 = k sin (^^ — 7), 
0-0' = {l-.m)0^fi-'2e' sin(md + i8- ?). 
These values must now be substituted in the expressions for 

p T Ps-s _T_dni^ jr_d8_ (^ \ rjr_ ^ 

AV AV hV ' AVrf^' hVdO' W"^'';JAV ' 

(■j^ + s] lyjp-g d0j retaining terms above the second order, when, 

according to the criterion of Art. (29), they promise to become 
of the second order after integrating. 

The equations (^') and (7') of Art. (30) will then assume 
the forms 

S -h s =/(^), 

and the integration of these will enable us to obtain u and s 
to the second order ; after which, equation (a) of Art. (20) will 
give the connexion between and t to the same order. 

' '8 

44. The quantity -7^5-3- , which we shall meet with as a coef- 
ficient of the terms due to the disturbing force, can be replaced 
by m^a^ m being the ratio of the mean motions of the sun 
and moon; for, as in Art. (24), 

ma^ m'a^ __ m'a^ __ (periodic time of moon about earth)* 
AV "" /ia* " luj? "" (periodic time of sun about earth)* ' 

nearly, 



p 
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V 



A--» 



1 __P _ periodic time of moon about earth , 

p periodic time of smi about earth ' ^ ' 

therefore -yj-,- may be replaced by m^a/^ 



45. We have therefore 

^ ^ ^^ '^^ |_ A(2"{l+ecos(c5-a)}* J 

[^ + fco8{(2-2m)^-2;3}] 

= a j- iw* {1 + 3e'cos(?w0 + y9- ?)} {I - 3ecos(c^-a)} 

^ [1 + 3 cos{(2 - 2w) 5 - 2^3}] 

fl- JA" + f 4" cos 2 (^t^-t) - iw* [1+3 co8{(2-2w) 5 - 2)8}] 
= a(— f mV cos [md + yS — f ) + f m"e cos (c5 — a) 

I + f m*e cos{(2 - 2w - c) d - 2/8 + a}. 



* It may perhaps be imagined, since the orbits described are not accurately 
ellipses, and, even if they were, a' and a would be the reciprocals of the semi- 

latera recta, and not those of the semi-major axes, that therefore -r—- is only 

h*ar ^ 

approximately equal to m*a ; and that if it were required to carry our inves- 
tigations to a higher order than we propose to do, it would be necessary to 
correct this equation. 

But the very fact that the moon's orbit is not an exact ellipse, shews that 
the yet unknown quantity a is not a definite magnitude whose value is fixed 
at the outset like those of m' and fi. It is a constant, it is true ; but it is 
one whose value may be whatever we please, provided the assumption do not 
interfere with our continuous approximation. 

Now firom Art. (30), where a was first introduced, we see that it is equal 

to --, , A* being itself an arbitrary constant brought in by the integration, and 
h 

this being the only relation between the quantities h and a, we are at liberty 

ffia'^ 
to establish any second one. The relation -j^^^ni'a is this second assumed 

relation. The reasoning in the text does not prove this relation, since, as we 
say, it is an arbitrary one, but it suggests it. The actual value of a is now 
fixed, and the method of obtaining it from observation will be explained in the 
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The last three terms are retained, though of the third order, 
according to Art. (29). The first of the three will not rise in 
importance in the value of w, but it is retained for its subsequent 
use in finding t^ when it will become of the second order. The 
other terms of the third order, which arise in the development 
of the expression, are neglected, as the coefficients of 5 in their 
arguments are neither small nor near unity. 

2AV{H-ecos(c5-a)} ^^ ^ ^ 

= - f w* {1 + 3e' cos(w5 + y3 - ?)} 

{1 - 4e cos(c5 - a) + lOe'* cos*(cd - a)} sm{(2 - 2m) 5 - 2^3} 

= - f w" {1 + 3e' cos(m5 + i8 - ?)} 

[sin{(2 - 2m) ^ - 2^} - 2e sin{(2 - 2m - c) ^ - 2^3 + a} 

+ f e' sin{(2 - 2m - 2c) d ~ 2^3 + 2a}] 

- - a « rsm{(2-2m) ^ - 2^} - 2e sin{(2 - 2m - c) tf - 2y9+ a} 
1+ f e" sin{(2 - 2m - 2c) d - 2^8 + 2a}. 

We have, in the course of the reduction, dropped those terms 
which, according to Art. (29), could not produce important terms 
in the resulting value either of u or of t The last term, though 
of the fourth order, is retained because 2 ~ 2m — 2c is small. 

Tg-g -^ = (previous expression) {— aec sin(cd— a)} 
= \m^ae cos{(2 - 2m - c) ^ - 2/9 + a}, 
for to the first order c = 1 ; 

next chapter. If we liad assumed -tj-y = m*Xa, where X. is any given quantity 

differing very slightly from unity, we could still have proceeded with our 
approximations ; for the corresponding value of a, though slightly different 
from the former, would still, when used in the equation U(, give a value 
of u approximate to the first order. 

But if X differed considerably from imity, the value of a which this equa- 
tion would furnish, would no longer render U{ an approximation to the first 
order, and if we made use of the equation 27/, we shoidd have no guarantee 
that the next step would be a closer approximation. * 
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T ds 

TjT-s Tg = (same expression) {Ay cos {g0- 7)} 

= - f w*4 sin{(2 - 2m - ^r) ^ - 2/8 + 7}, 
for (jr = 1 to the first order : 

^ ^^ cosf (2 - 2m) tf - 2)9} 
{^^de'=^\m^ -- — 1^ cos{(2-2m-c)5-2/3 + a} 

but - — -— = ^ 4- terms of first order, 



2 -2m 
2e 



2 - 2m - c 



= — 2e + terms of second order, 



2(2-2m-2c) 4(1 -m-c) * 

Here the denominator is of the first order, and cannot be 
further simplified without a more accurate knowledge of the 
value of c. We shall find in the next value of w. Art. (48), 
that 1 — c is of the second order, and as this result is obtained 
independently of the term we are here considering, which is 
only retained for the sake of finding f, there b no impropriety 
in anticipating thus far in order to simplify this coeflicient, 
which then becomes 

-^Z + tennB of the second order; 
4m 

/. [^ de = fm" cos{(2 -270)0" 2)8} 

- 3m*6 cos{(2 - 2m - c) ^ - 2)8 + a} 

- y^me' cos{(2 - 2m - 2c) tf - 2)8 + 2a}, 
Also, by Art. (36), 

-^ + M = a + quantities of the second order, 

d^s 

■— + 5 = small quantity of the second order at least ; 
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'' ^ \dff "^ ^) IF^ ^^ "^ ^^*^ cos {(2 - 27w) - 2)9} 

- 6w*ae C08{(2 - 2m - c) - 2y9 + a} 

- ^rm^a cos {(2 - 2w - 2c) - 2/8 + 2a}, 
"3^ + 5 j 1 7jj-8 ^^ = ^? ^^ t^c third order. 

Lastly, 

Ps - 8 m'su^ ,, , ,/. /wx, 

= - |m'5 [1 + cos {(2 ^270)9- 2y3}] 

{1 + 3e' cos (m0 + y3 - ?) - 4e cos (cfl - a)} 

= - %m^k [Ani^gd - 7) - ism{(2 -2m^g)e-2fi + 7}]. 

In all these expressions we have rejected those terms of the 
third and higher orders which, according to Art. (29), would 
not influence the second order.* 

46. We must now substitute these values in the diflferential 
equations for u and 5, and then integrate, omitting the com- 
plementary term A cos {O — B)] for though, by the theory of 
differential equations, this would form a necessary part of the 
solution, it cannot, as we have seen Art. (35), be a part of the 
correct values of u or s. 



• Instead of the forces which really act on the moon, we originally sub- 
stituted three equivalent ones, P, T, S; these again are, by the preceding 
expressions, replaced by a set of others. For, we may conceive each of the 

P 

terms in tj^s » &c. to correspond to a force, — a component of P, jT, or S ; each 

force having the same argument as the term to which it corresponds, and there- 
fore going through its cycle of values in the same time. Now, by Art. (29), 
when the coefficient of in the argument is near unity, the term becomes 
important in the radius vector, and when near zero, in the longitude : hence, 
a force whose period is nearly the same as that of the moon, produces im- 
portant effects in the radius vector ; and a force whose period is very long 
will be important in its effect on the longitude. 

See Airy's Tracts, Planetary Theory, p. 78. 



U TO THE SECOND ORDER. 



41 



47. Since the form of the solution is known, the actual ex- 
pressions for u and s will be obtained with more facility by 
assuming them with arbitrary coefficients, the values of which 
are afterwards determined by substitution. 

We must remember, however, that the coefficients of 
cos(c0 — a) in u and of sin (^6 — 7) in s must be assumed the 
same as in the first approximate solutions ; and that these 
assumptions will enable us to obtain the values of c and g to 
the same order of approximation as that to which we are 
working, Art. (38). 

48. Considering, firstly, the equation in w, we have 
cPu P T du 



rfff'"^''""AV AVrfe ^ 






) Jav 



T 
53 rffl) 



+ \m^e cos(c0 — a) 
-I- f i* cos 2 (^e - 7) 
= a( - 3m' cos {(2 -2m) B- 2)9} 

+ ^rr?e cos{(2 - 27n - c) - 2/8 + a} 

- f mV cos(me + /3 - ?) 

+ ^me^ cos {(2 - 2w - 2c) - 2^3 + 2a}. 



\ 



The last two terms would not be retained if we wished to 
find the value of u only, but, in finding t afterwards, they will 
become of the second order. 



1 - |A:« -. ^ra^ 

+ e cos(c5 — a) 

+ A cos2{g0-'y) 

+ 5cos{(2-2wi)d- 2)9} 

-i- Ccos{(2-2m-c)5- 2y9 + a} 

+ 2>cos(w5 + ;9-g) 

+ E cos{(2 ^ 2m - 2c) d - 2/8 + 2a}. 



Assume w = a ' 
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Then, by substitution, 

e (1 _ c') = f w*e, 

(7{l-(2-2w-cn = v^% 

2>(l-m*) =- fmV, 

^{1 - (2-27n-2cn = ^me''] 

whence c = V(l — f *'^*) = 1 — Jw*, 



wOl ^= 


4(1-4) - '-' 






c= 


15771^*6 




■2{l-(l-2w + fmy}~ » ' 




E = 


IS*"** ,K„.» 




•4{1- (-2771 + 1^7}- ^"'^' 


Therefore 




/l-|4«-.^^« X 




+ e cos {cd — a) 






- i^cos2(^5-7) 




M = a( + m* cos{(2 -2m) ^ - 2/8} ' 


• • • • ^o* 




+ ^me cos{(2-2w-c) 5 - 2/8 + a} 






- f wV cos(m^ + /8 - f) 






[+ V^ne*cos{(2-2m-2c)5-2y3 + 2a}J 





49. The differential equation of the latitude 

<P8 Ps- S T da ^{d*s \ [T 



rf^ 
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becomes, after substitution, 

(Ps ^ f - f w""* sin (^5 - 7) 

^^ 1 + ^m^k sin{(2-2m-^) 0-2^ + 7}, 

^ r4sin(a^-7) 

Assume s = ■{ 

{ + A sin {(2 - 2m -^) 5- 2^3 + 7}. 

Then, by substitution, we get 

^ {1 - (2 -2m-^)'*} = 4 ^m^k. 
Therefore ^ = V(H- f w") = 1 + f m^ 

J 3m^^ , 

^~2{1- (l-2m-fm7}"*^'^5 

' 4 sin(^d — 7) 



therefore « = - 



1+ |w4sin{(2-2m-5r)5-2/8 + 7}. 



«.- 



50. We can now find the connexion between the longitude 
and the time to the second order, 

dt^ 1 

dd~ 



ku^(l^2J^,d0) 



T— r;? = AS? (^ - /av '^^) ' 



and from Art. (48) we have 
1 1 



Att'* Aa* {1 + e C08(c5 - a) + 2, + ^^Y ' 

(Sg being the sum of all the terms of the second, and 2, 
those of the third order in w,) 

+ 3 {e cos[c$ - a) + 2^ + S,}* - &c.] 

= ^, [1 - 26Cos(c5-a) - 22, - 223 

4 Se"" co&^{c0 - a) 4 6S,e C08(c^- a)] 
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=^j^^[l'-2e cos {c0 - a) - 22, - 22)3 + f e' + f e" cos2 {cO - a) 

+ V^«* cos {(2 - 2w - 2c) d - 2/8 + 2a}] 



Aa' 



_1_ 
hd 



f 1 + fe* + fi* + m" - 2e cos(ctf-a) 

+ fe' cos2(cd-a) 
+ ik'' cos2 {g0 - y) 
^ ^ - 2m' cos {(2 - 2m) d - 2)9} 

- Y^^cos{(2-2m-c)^-2/8+a} 
+ 3mV cos {m0 + l3-' ?) 

- V^^*cos{(2-2m-2c)5-2y9+2a}. 

Also, from Art. (45), 

1 _ I rfd = 1 - fm' cos{(2-2m) - 2/3} 

+ V^^"* cos {(2 - 2m - 2c) ^ - 2/8 + 2a}, 

neglecting the other term of the third order, the coefficient of 
the argument not being small. 

We have now to multiply these results together, and we see 

that the term having for argument (2 - 2m — 2c) 5 - 2/8 4- 2a 

will disappear in the product. If we trace this term, we shall 

f T 
find that it arose in 175-3 ^^? fr^^^ retaining originally terms of 

the fourth order, but in 7-5 it arises from combining terms 

originally of the first and third orders. If, therefore, we had 
rejected terms beyond the third order indiscriminately, the ex- 

pression -^^ would have contained this term, introduced by 7-5 , 

to the third order, and in t it would have been raised to the 
second order, and therefore formed an important part of its 
value instead of disappearing altogether from the expression. 
Hence the necessity for retaining such terms of the fourth order 
. T 



m 



8^.8 



AV 



6 TO THE SECOND ORDER. 
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a + fe' + %k^ + m' - 2e cos(c0- a) 

+ |e^ cos2(cfl- a) 
H-^A;* cos 2(^0-7) 

- V»w' cos {(2 - 2m) - 2)8} 

- ^m6cos{(2-2w-c)0-2y9 + a} 
+ 3wV cos (m0 + yS - ?). 



Let 



therefore 



Aa 



\(l+|e» + f4' + m')=i; 



Y^^ = 1 — |e* — f A;* — m'* to the third order ; 



hd 



\ 



therefore, multiplying by p and integrating, we get, still to the 
second order, 

pt^e-2e sm(cfl- a) + Je' sin2(cfl-a) 

+ \¥ sin2 {g6 - 7) 

- V^'sin{(2-2m)0-2;3} 

- Yme sin {(2 - 2m - c) - 2/9 + a} 
4- ^me sm (m0 + /8 - §') 

no constant is added, the time being reckoned from the instant 
when the mean value of Q vanishes, for the reasons explained 
in Art. (34). 

51. The preceding equations Z/^, /S^, 0^, give the reciprocal 
of the radius vector, the latitude and the time in terms of the 
true longitude ; but the principal object of the analytical inves- 
tigations of the Lunar Theory being the formation of tables 
which give the coordinates of the moon at stated times, we must 
express u^ 5, and Q in terms of t. 

To do this, we must reverse the series pt = — &c., and 
then substitute the value of © in the expressions for u and s. 

Now =pt + 2e sin(c© — a) to the first order 

= pt + 2e sin(cp< — a) ; 
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therefore c0 - a — cpt — a + 2e sin (cp< — a) to the first order, 

2e 8in(cfl- a) = 2e {sm(cp<-a) + 2esin(cp<-a) cos(cp«- a)} 

to the second order, 

= 2e mi{cpt—a) + 2e'sin2(cp«- a) ; 

and as and pt diflFer by a quantity of the first order, they may 
be used indiscriminately in terms of the second order ; therefore 

z=pt + 2e mi{cpt — a) + f e* sin 2 [cpt - a) 

— \1^ sin 2 [gpt — 7) 

+ V ^' sin {(2 - 2m) pt -' 2/3} ].. .0',. 

-I- ^mesm{{2 -2m-c)pt- 2fi -\' a] 

— 3me sin {mpt + /8 — f ) 

52. In the value of u given in Art. (48), substitute pt for 
in terms of the second order, and pt -f 2e sin (cp^— a) in the 
term of the first order ; then 

1 - f i* - ^m"* -e^ + e co&{cpt - a) -f e* cos2 {(pt - a)' 

— \k^ cos 2 {gpt - 7) 

+ m* cos {(2 - 2m) pt - 2/3} 

+ V^wecos{(2--2m-c)^«-2y9+a} 

the other terms in the value of u in Art. (48), which were there 
retained only for the sake of subsequently finding f, being of 
the third order, are here omitted. 

63. Similarly, the expression for s becomes 

s = k &m{{gpt — y) + 2e sin(cp^ — a)} 

+ ^mk sm{(2 - 2m- g) ^« - 2)8 + 7} ; 

sinigpt-y) 

+ e sin{(^ + c)_p^ — a — 7} 

— e sin {((jr — c) ^« + a — 7} 

1+ fm sin{(2-2w-^)^«- 2y9 + 7} j 

The expression for s is more complex in this form than when 
given in terms of the true longitude 0. 



u=^a 



)...U'; 



or s = k 



I .... oL. 
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54. If P be the moon's mean parallax, and 11 the parallax 
at the time t^ 

_ radius of earth R 

" = distance of }> = T" Z = Ru{l- K) to the third order, 

-V(i + «) 

= JSw {1 — \k^-\-\k^ cos 2 {gpt- 7)} to the second order, 

1 — i* — \rf? — e* + e cos(cp< — a) 4- e* cos 2 (cp< — a) 

=^ Ra\ + m' cos{(2 - 2m) ^< - 2/8} 

+ V^^cos{(2~2m-c)^<-2y9 + a}; 
but P = the portion which is independent of periodical terms, 

11 + 6 cos(cp< — a) + ^ cos2(cp^ — a) 
+ rr? cos{(2 - 2m) pt - 2)8} 
+ ^me cos{(2 - 2m - c) ^« - 2/8 + a} 
neglecting terms of the third order. 

55. Here we terminate our approximations to the values 
of w, 5, and B. If we wished to carry them to the third order, 
it would be necessary to include some terms of the fourth and 
fifth orders according to Art. (29), and the values of P, T^ 
and /8, given in Art. (23), would no longer be sufficiently 
accurate, but we should have to recur to more exact values, 
and from them obtain terms of an order beyond those already 
employed. 

If this be done, it is found that 

TTj-a = — ft 7=7 TM^fn^ — sm(0 — 0) 

These terms of the fourth order become of the third order in 
the value of w, and therefore also of ^, the coefficient of B being 
near unity. 

We shall see further on (Appendix, Art. 97), to what purpose 
a knowledge of the existence of these terms has been applied. 
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56. The process followed in the preceding pages is a suffi- 
cient clue to what must be done for a higher approximation. 

The coordinates u and fl' of the sun's position are, by the 
theory of elliptic motion, known in terms of the time t^ and t 
is given in terms of the longitude by the equation 0^^. Hence 
%i and 0' can be obtained in terms of ; but it will be necessary 
to take into account the slow progressive motion of the sun's 
perigee, which we have hitherto neglected. This will be done 
by writing c'6' - f for 0' - f, c being a quantity which diflFers 
very little from unity.* 

These values of u', 0', together with those of u and s in terms 
of 0, as given by TJ^ and 8^^ are then to be substituted in the 
corrected values of the forces, and thence in the differential equa- 
tions. The integrations being performed as before will give the 
values of w, «, and t in terms of to the third order, and from 
these, as in Arts. (51), (52), and (53), may be obtained w, 5, and 
in terms of U 

57. More approximate values of c and g are obtained at 
the same time, by means of the coefficients of cos(c0— a) and 
sin (^0 - 7) in the differential equations, (see Appendix, Arts. 
94 and 95). 



* ' En refi^chissant sur les termes que doivent introduire toutes les quan- 
' tites prec6dente8, on voit qu' U se peut glisser des cosinus de Tangle 6 dont 
' nous avons tu Ic dangereux effet d'amener dans la valeur de u des arcs au 

* lieu de leurs cosinus ; de tels termes viendront, par exemple, de la com- 

* binaison des cosinus de (1— w)0 avec des cosinus de mO 

* Pour 6viter cet inconvenient qui dt^rait ^ la solution prec^dente 

< Tavantage de convenir ^un aussi grand nombre de revolutions qu'on voudrait, 
' et la priverait de la simplicite et de Tuniversalite si pr^cieuses en matbema- 
' tiques, il faut commencer par en cbercber la cause. Or, on decouvre facUe- 
' ment que ces termes ne viennent que de ce qu'on a suppos6 fixe 1' apogee 
' du soleily ce qui n'est pas permis en toute rigueur, puisque quelque petite 
' que soit sur cet astre Taction de la lune, elle n'en est pas moins r^elle et 

< doit lui produire un mouvement d' apogee quoique tr^s lent k la v^rite.' 

Clairaut, TfUorie de la Lune, p. 55. 2me Edition. 
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58. The values to the fourth order are then obtained from 
those of the third by continuing the same process, and so 
on to the fifth and higher orders; but the calculations are so 
complex that the approximations have not been carried beyond 
the fifth order, and already the value of 6 in terms of t contains 
128 periodical terms, without including those due to the dis- 
turbances produced by the planets. The coefficients of these 

periodical terms are functions of w, e, e\ - ^ c^ g^ 4, and are 

themselves very complicated under their literal forins: that of 
the term whose argument is twice the difference of the longitude 
of the sun and moon, for instance, is itself composed of 46 terms, 
combinations of the preceding constants. 

See Pontdcoulant, Sysi^me du Monde^ torn. iv. p. 572. 



E 
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CHAPTER V. 



NUMERICAL VALUES OF THE COEFFICIENTS. 

59. Having thus, from theory, obtained the fcyrm of the 
developments of the coordinates of the moon's position at any 
time, the next necessary step is the determination of the 
numerical values of the coefficients of the several terms. 

We here give three different methods which may be em- 
ployed for that purpose, and these may, moreover, be combined 
according to circumstances. 

60. First method. By particular observations of the sun 
and moon {i,e. by observations made when they occupy parti- 
cular and selected positions), and also by observations separated 
by very long intervals, such, for instance, as ancient and modem 
eclipses, the values of the constants ^, m, a, ^, 7, f, which enter 
into the arguments^ and of the additional ones which enter into 
the coefficients of the terms in the previous developments, may 
be obtained with great accuracy, and by their means, the coeffi- 
cients themselves; c and g being also known in terms of the 
other constants. 

These may properly be called the theoretical values of the 
coefficients, the only recourse to observation being for the deter- 
mination of the numerical values of the elements. » 

61. Second method. Let the constants which enter into the 
arguments be determined as in the first method ; and let a large 
number of observations be made, from each of which a value 
of the true longitude, latitude, or parallax is obtained, together 
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with the correspondmg value of t reckoned from the fixed epoch 
when the mean longitude is zero. Let these corresponding 
values be substituted in the equations, each observation thus 
giving rise to a relation between the unknown constant coeffi- 
cients. 

A very great number of equations being thus obtained, they 
are then, by the method of least squares or some analogous 
process, reduced to as many as there are coefficients to be 
determined. The solution of these simple equations wiU give 
the required values. 

This method, however, would scarcely be practicable in a 
high order of approximation. For instance, in the fifth order, 
as stated in Art. (58), each of the numerous equations would 
consist of 130 terms, and these would have to be reduced to 
129 equations of 130 terms each. 

62. Third method. When the constants which enter into 
the arguments have been determined by the first method, we 
may obtain any one of the coefficients independently of all the 
others by the following process, provided the number of observ- 
ations be very great. 

Let the form of the function be 

V^A^B sin^ + C sin<^ + &c., 

and let it be required to determine the constants -4, 5, (7, &c. 
separately ; ^, ^, &c. being functions of the time. 

Let the results of a great number of observations corre- 
sponding to values ^^, ^„ 6^, &c.^ <^j, <^„ 4>^j &c., be F„ F„ F3, 
&c. ; so that 

V^ = A + B sin^j + G sin</ij + &c., 

V^=^A + B sin^j -I- G rnKJ}^ -{■ &c., 

F3 = ^ + 5 sin^3 + C 8in^3 -I- &c., 

F^ = -4 + £ sin^„ + G&m<l>^ + &c. 

Now, n being very great^ we may assume that the periodical 
terms wiU, on the whole, be as often positive as negative j and 

e2 
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therefore, that if we add all the equations together these terms 
will cancel one another ; 



therefore 



A = 



F. + F. + F. 4 



4F. 



n 



which determines the non-periodic part of the function. 

To determine B. Let the observations be divided into two 
sets separating the positive and negative values of sin^; then 
the other periodical terms, not having the same period, may be 
considered as cancelling themselves in adding up the terms of 
each set. Let there be r terms in the first set and s terms in 
the second, and let F', F", F*" be the values of F corre- 
sponding to positive values of sin^, which values we may assume 
to be uniformly distributed from sinO to siuTr, and therefore 
to be sinS^, sin2S^, sinr.8^, where r.Sff = tt. 

And, again, let F], F^^, F]^,, ^x? be the values of F corre- 
sponding to the negative values of sin^, viz.: sin(— A^), sin(— 2A^), 
sin (— S.A0) , where s.A0 = ir. Then, 



F=^ + 5sinS(9 +(7sini^' +..., 
F" = -4 + 5sin2.S^-K7sinf' + ..., 

V =A + Baiar.S6 + Gam<f>' + ... ; 
therefore 

r + V +...+V' = r.A+£2^'{Bm0) 

therefore 
V'+V'+...+ V 



= A + — Bm.6. 
"^ K 

2B 



de 



=^ + 



TT 



F^=-4-5sinA^ +(7sin<^^ + ..., 
F^, = u4-£8in2.A^ + (7sini^^^H-f.., 

V,=A-Bims.£!Ld -\-C«in<f>, + ...; 
therefore 



= 8A- 



B 



therefore 



^S>m^.A^); 



v.+v..+...+ v. ^, Br 



8 



TT 



/ sind. 

J A 



dd 



= A- 



2B 



TT 



therefore B 



^ w / v+r'+.„V' _ F;+F;,+...+ rA . 



( 



8 



)■' 
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and in a similar manner may each of the coefficients be inde- 
pendently determined.* 

For further remarks on this method, see Appendix, Art. (104). 

* If r and s are not sufficiently great to allow us to substitute J^ BvaOdO 
for 2o' sin 0.^0, we must proceed as follows : 

F' + V" + + r*" = r^ + J?(8in^0 + am2Sd + + sinrae) 

„ sini(r -I- l)^e sin jr.ae 
sm^dO 



^rA^B^ 



cosJdO 



sin m ' 



a' 



"'^'v "" -^^^fe^ ■»-■>■ 









1 _ i __ 

^ a* ^ 
2B L , 9r^^ 






/ r-fF"+ +F'- r.-fF,-}- -fF, 



therefore J?a , 4 .. . ,^ i 



) 



"• ft . '^/^ . ^U / y"+F"4 ^v r,+r,.^- 4r, \ 
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CHAPTER VI. 



PHYSICAL INTERPRETATION. 

63, The solution of the problem which is the object of the 
Lunar Theory may now be considered as eflFected; that Is, we 
have obtained equations which enable us to assign the moon's 
position in the heavens at any given time to the second order 
of approximation ; we have explained how the numerical values 
of the coefficients in these equations may be determined from 
observation ; and we have, moreover, shewn how to proceed in 
order to obtain a higher approximation.* 

It will, however, be interesting to discuss the results we have 
arrived at, to see whether they will enable us to form some 
idea of the nature of the moon's complex motion, and also # 
whether they will explain those inequalities or departures from 
uniform circular motion which ancient astronomers had observed, 
but which, until the time of Newton, were so many unconnected 
phenomena, or, at least, had only such arbitrary connexions as 
the astronomers chose to assign, by grafting one eccentric or 
epicycle on another as each newly discovered inequality seemed 
to render it necessary. 

It is true that our expressions, composed of periodic terms, 
are nothing more than translations into analytical language of 
the epicycles of the ancients ;t but they are evolved directly 



* The means of taking into account the ellipsoidal figure of the earth and 
the disturbances produced by the planets, are too complex to form part of an 
introductory treatise. For information on these points reference may be made 
to Airy*s Figure of the Earth. Pontecoulant's Systdme du Monde,** vol. iv. 

t See Whewell's ** History of the Inductive Sciences." 
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from the fundamental laws of force and motion^ and as many 
new terms as we please may be obtained by carrying on the 
same process; whereas the epicycles of Hipparchus and his 
followers were the result of numerous and laborious observa- 
tions and comparisons of observations ; each epicycle being 
introduo^d to correct its predecessor when this one was found 
inadequate to give the position of the body at aU times : just 
as with us, the terms of the second order correct the rougli 
results given by those of the first ; the terms of the third order 
correct those of the second, and so on. But it is impossible to 
conceive that observation alone could have detected all those 
minute irregularities which theory makes known to us in the 
terms of the third and higher orders, even supposing our in- 
struments far more perfect than they are; and it will always 
be a subject of admiration and surprise, that Tycho, Kepler, and 
their predecessors should have been able to Jeel their way so tar 
among the Lunar inequalities, with ihe means of observation 
they possessed. 

LONGITUDE OF THE MOON. 

64. We shall firstly discuss the expression for the moon's 
longitude, as found Art. (51). 

z=zpt + 2e sin(cp^--a) + fe* sin2(cp^ — a) 

+ ^me sin{(2-27w-c)^<i-2)8 + a} 

+ V^* sin {(2 - 2m) pt - 2^} 

— 3W sin(77jp^ + )8— f) 

The mean value of 6 is ^< ; and in order to judge of the eiFect 
of any of the small terms, we may consider them one at a time 
as a correction on this mean value pt^ or we may select a com- 
bination of two or more to form this correction. 

We shall have instances of combinations in explaining the 
elliptic inequality and the evection^ Arts. (66) and (70) ; but in the 
remaining inequalities each term of the expression will form a 
correction to be considered by itself. 
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65. Neglecting all the periodical terms, we have 

d0 

which indicates uniform angular velocity; and as, to the same 
order, the value of u is constant, the two together indicate that 
the moon moves uniformly in a circle, the period of a revolution 

being — , which is, therefore, the expression for a mean sidereal 

month, or about 27 J days.* 

The value of ^ is, according to Art. (50), given by 

and as m is due to the disturbing action of the sun, we see 
that the mean angular velocity is less, and therefore the mean 
periodic time greater than if there were no disturbance. 



Elliptic inequality or Equation of the Centre, 

66. We shall next consider the effect of the first three terms 
together : the effect of the second alone, as a correction of pt^ 
will be discussed in the Historical Chapter, Art. (109). 

=tpt + 2e mi{cpt'- a) + fe'* sin2(cp^— a), 
which may be written 

^ =:^« + 2e sin [^« - {a + (1 - c) ^«}] + f e* sin2 O^ - {a + (1 -c)^«}]. 

But the connexion between the longitude and the time in an 
ellipse described about a centre of force in the focus, is. Art (13), 
to the second order of small quantities : 

6 = nt + 2e ^ui[nt — a') + fe* sin2 [nt— a'), 



♦ The accurate value was 27d. 7h. 43m. 11 '2618. in the year 1801. See 
Art. (99). 
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where n is the mean motion, e the eccentricitjr, and a' the 
longitude of the apse.* 

Hence, the terms we are now considering indicate motion 
in an ellipse ; the mean motion being ^, the eccentricity 6, and 
the longitude of the apse a + (1 — c) ^^ ; that is, the apse has a 
progressive motion in longitude, uniform, and equal to (1 — c)p. 

67. The two terms 2e sin(cp<- a) + fe'* sin2(cp^ — a) con- 
stitute the elliptic inequality^ and their effect may be further 
illustrated by means of a diagram. 

Let the fiill line AMB (fig. 8) represent the moon's orbit 
about the earth E^ when the time t commences, that is, when 
the moon's mean place is in the prime radius ET from which 
the longitudes are reckoned. 

The angle TJE4, the longitude of the apse, is then a. At 
the time ^, when the moon's mean longitude is TEM=pt^ the 
apse line will have moved in the same direction through the 
angle AEA = (1 - c) TJEM, and the orbit will have taken the 
position indicated by the dotted ellipse; and the true place of 
the moon in this orbit, so far as these two terms are concerned, 
will be m. where 

MEm = 2e sin [<^t — a) + f e^ sin 2 (cpt -^a) 
= 2e sin^'^JIf + \e' sin 2 A' EM 
= 2e miA'EM{l + f e co^A'EM) ; 

which, since e is about ^, is positive from perigee to apogee, 
and therefore the true place before the mean; and the contrary 
from apogee to perigee : at the apses the places will coincide. 

68. The angular velocity of the apse is (1 — c)^, or, if for 
c we put the value foimd in Art. (48), the velocity will be fr/i'Jp. 
Hence, while the moon describes 360°, the apse should describe 
fw*.360** = If ° nearly, m being about -^, 



* The epoch e which appears in the expression of Art. (13) is here omitted ; 
a proper assumption for the origin of t^ as explained in Art. (34), enabling ns 
to avoid the c 
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But HipparchuB had found, and all modem observations 
confirm his result, that the motion of the apse is about 3"* in 
each revolution of the moon. See Art. (112). 

This difference arises from our value of c not being repre- 
sented with sufficient accuracy by 1 - f m". 

Newton himself was aware of this apparent discrepancy 
between his theory and observation, and we are led, by his 
own expressions (Scholium to Prop. 35, lib. ill. in the first 
edition of the Prtnciptajj to conclude that he had got over the 
difficulty. This is rendered highly probable when we con- 
sider that he had solved a somewhat similar problem in the 
case of the node; but he has nowhere given a statement of 
his method: and Clairaut, tg whom we are indebted for the 
solution, was on the point of publishing a new hypothesis of 
the laws of attraction, in order to account for it, when it oc- 
curred to him to carry the approximations to the third order, 
and he found the next term in the value of c nearly as con- 
siderable as the one already obtained. See Appendix, Art. (94). 

/. 1 - c = f m' + ^w' = f w' (1 4 ''^m) ; 

.-. (1 - c) 360° = (1 + ^j^) (value found previously) 

= 2|° nearly, 

thus reconciling theory and observation, and removing what had 
proved a great stumbling-block in the way of all astronomers.* 

When the value of c is carried to higher orders of ap- 
proximation, the most perfect agreement is obtained. 

The motion of the apse line is considered by Newton in his 
Principiay lib. I., Prop. 66, Cor. 7. 

JEvecfion, 

69. The next term in the value of 6 is 

+ ^meem{{2-2m'-c)pt'-2l3-\'a)]. 

♦ See Dr. Whewell's Bridgeioater Treatise. 



then 
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We shall consider this term in two different ways, 
firstly, by itself, as forming a correction on j>t. 

Let J = pt = moon^s mean longitude at time t^ 

0= mpt -\- fi = smi's , 

a' = [\ — c)pt + a = mean longitude of apse , 



0=.ptJt ^me sin [2{pt - {mpt + fi)} ^ {pt - {I - c)pt -f a}] 
=i?«+ ^me sin[2(])-o)- (D -a')]. 
The effect of this term will therefore be as follows : 
Insyzygies ^ =^^ - yJr/i6 sln(}) -a'); 

or the true place of the moon will be before or behind the 
mean, according as the moon, at the same time, is between 
apogee and perigee or between perigee and apogee. 
In quadratures ^ =^« + i^^sin{l) -a'), 

and the circumstances will be exactly reversed. 

In both cases, the correction will vanish when the apse 
happens to be in syzygy or quadrature at the same time as 
the moon. 

In intermediate positions, the nature of the correction is 
more complex, but it will always vanish when the sun's lon- 
gitude is equal to the arithmetical mean between those of the 
moon and apse, or when it differs from it by any multiple 

of 90^5 for if O = ^~ -r.90", 

sin[2(]) - O) - ( J - a')] = sm( Ji +a'-20) 

= sin r. 180' 
= 0. 

70. The other and more usual method of considering the 
effect of this term is in combination with the two terms of 
the elliptic inequality, as follows: 

To determine the change in the position of the apse and in 
the eccentricity of the moon^s orbit prodticed by the ejection. 



60 LUNAR THEORY. 

Taking the elliptic inequality and the evection together, 
we have 

6 =ipt + 26 8in(cp^ — a) + fe'sin2(cp^— a) 

+ ^me sin {(2 -2m-c)pt-2fi + a). 

Let a be the longitude of the apse at time t on supposition 
of uniform progression, 
O .o sun ; 

whence a = (1 — c)j>t + a, 

= mpt + )8. 

And the above may be written 

=pt -{- 2e sm{(pt — a) + f e* sin 2 [cpt — a) 

+ ^me sin {cpt — a + 2 (a' ~ 0)} ; 
and the second and fourth terms may be combined into one, 

2jEsin(cp*-a + S), 

if JS^cosS = e H- ^me cos2(a - O), 

£'sinS= ^me sin2(a'— O); 

1. X c ¥^ sin 2 (a -O) 

whence tano = , . .\ ^r— ? r > 

l+Y^ cos 2 (a — o) 

JE- = e^'ll + ^m cos 2 (a' - O)}* + e'{ V^ sin 2 (a - O)}* ; 

or, approximately, 

B = V^sin2(a'-0), 
E = €{l + ^m coB2{a' - e)}. 

The term ^e^ sin 2 (cp^ — a) will, therefore, to the second 
order, be expressed by 

fJ?"sin2(cp«-a+S), 

and the longitude becomes 

=pt + 2Esm{cpt-a + B) + f ^-^ sin 2 (cp« - a + 8), 
or e^pt-k- 2J5;sin(^«-a'+iJ) + fJSr'sin2(^^-a + 8)5 

but the last two terms constitute elliptic inequality in an orbit 
whose eccentricity is E and longitude of the apse a' — 8 ; there- 
fore the evection, taken in conjunction with elliptic inequality, 
has the effect of rendering the eccentricity of the moon's orbit 
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variable, increasing it by ^tw^ when the apse-line is in syzygy, 
and diminishing it by the same quantity when the apse-line is 
in quadrature ; the general expression for the increment being 

^wc cos2(a'— o). 

And another effect of this term is, to diminish the longitude 
of the apse, calculated on the supposition of its uniform progres- 
sion, by the quantity S = i^m sin 2 (a' — o) ; so that the apse 
is behind its mean place from syzygy to quadrature, and before 
it from quadrature to syzygy.* 

The cycle of these changes will evidently be completed In 
the period of half a revolution of the sim with respect to the 
apse, or in about ^ of a year. 

71. The period of the evection itself, considered Indepen- 
dently of Its effect on the orbit, is the time In which the 
argument (2 — 2m — c) pt — 2fi + a will increase by 27r. 
Therefore period of evection 

27r mean sidereal month 

" (2-27/i-c)^ " 2 - 2m - c 

__ mean sidereal month _ 27 J days , 

- 1 - 2m + 1^ "■ l-t^' '^^^''^^' 
= 31^ days, nearly.f 

Newton has considered the evection, so far as it arises from 
the central disturbing force. In Prop. 66, Cor. 9 of the PWw- 
cipia. 

Variation, 

72. To explain the physical meaning of the term 

Vm* sin {(2 - 2m) pt - 2)8}, 
in the expression for the moorCs longitude^ 

^ = p« + y m' sin {(2 - 2m) pt - 2/3}. 

* The change of eccentricity and the variation in the motion of the apse 
follow the same law as the abscissa and ordinate of an ellipse referred to 
its centre : for if E — e = a; and ^ = y, then 



«■ y* 



t The accurate value is 31.8119 days. 
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Let 3) represent the moon's mean longitude at time tj 

O sun's 

therefore D =j>ty 

O = mpt + 13 ; 

and the value of 6 becomes 

0=2)t+ Vw"sin2(D-o), 

which shews that from syzygy to quadrature, the moon's true 
place is before the mean, and behind it from quadrature to 
syzygy; the maximum difference being ym'* in the octants. 

The angular velocity of the moon, so far as this term is 
concerned, is 

-T. =p + V(l"'^)^'*jPC0s2( Ji-o), 

= ^ {1 + "^rr? cos 2 ( 3) — ©)}, nearly, 

which exceeds the mean angular velocity p at syzygies, is equal 
to it in the octants, and less in the quadratures. 

This inequality has been called the Variation^ its period is the 
time in which the argmnent (2 — 2m) pt — 2)8 will increase by 27r ; 

. T ^ . ,. 27r mean synodical month 
.'. period or variation = -rr — -— r — = — 

^ (2 - 2w) p 2 

= 14f days, nearly.* 

73. The quantity y w* Is only the first term of an endless 
series which constitutes the coefficient of the variation, the other 
terms being obtained by carrying the approximation to a higher 
order. It is then found that the next term in the coefficient 
is f |w*5 which is about ^ of the first term ; and as there are 
several other important terms, it is only by carrying the ap- 
proximation to a high order (the 5th at least) that the value of 
this coefficient can be obtained with sufficient accuracy from 
theory. In fact, ^rr? would give a coefficient of 28' 32" only; 
whereas the accurate value is found to be 39' 30". 

The same remark applies also to the coefficients of all the 
other terms. 

* The accurate value is 14.765294 days. 
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74. As far as terms of the second order, the coefficient of 
the variation is independent of e the eccentricity, and k the 
inclination of the orbit. It would therefore be the same in 
an orbit originally circular, whose plane coincided with the 
plane of the ecliptic : it is thus that Newton has considered it. 
Princip. Prop. 66, Cor. 3, 4, and 5. 

AnniMl JHquation. 

75. To explain the physical Tneaning of the term 

— ^me' sin [mpt + )8 — f ) 

in the expression for the moon's longitude, 
=zpt - 3ms' 8iTi{mpt + )8 — f), 

= pt'- Sms' sin (longitude of sun — longitude of sun's perigee), 

=pt — Sme' sin (sun's anomaly). 

Hence, while the sun moves from perigee to apogee, the true 
place of the moon will be behind the mean; and from apogee 
to perigee, before it. The period being an anomalistie year, 
the effect is called Anrnial Equation. 

Differentiating 6 we get 

-— =^{1 - 3wV cos (sun's anomaly)}. 

Hence, so far as this inequality is concerned, the moon's an- 
gular velocity is least when the sun is in perigee, that is at 
present about the 1st of January, and greatest when the sun 
is in apogee, or about the 1st of July. 

The annual equation is, to this order,, independent of the 
eccentricity and inclination of the moon's orbit, and therefore, 
like the variation, would be the same in an orbit originally 
circular. Vide Newton, Principia^ Prop. 66, Cor. 6. 

Meduction, 

76. Before considering the effect of the term — — sin2(5rp*— 7), 

which, as we shall see Art. (82), is very nearly equal to the 
difference between the longitude in the orbit and the longitude 
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in the ecliptic, it will be convenient to examine the expression 
for the latitude of the moon, and to see how the motion of the 
node is connected with the value of g. 



LATITUDE OF THE MOON. 

77. The expression Art. (49), found for the tangent of the 
latitude,* is 

s^k sm{g9 - 7) -f %mk sin{(2 - 2m - g) •- 2fi + 7}. 
If we reject all small terms, we have 

« = 0, 

or the orbit of the moon coinciding with the ecliptic, which is 
a first rough approximation to its true position. 

78. Taking the first term of the expansion 

s = k Bm[gO — 7), 
we may write it 

8 = k sin[e-{y-{g- 1) 0}]. 

Let TNm be the ecliptic (fig. 9), N the moon's node when 
her true longitude is zero, and let M be the position of the 
moon at time ^, m her place referred to the ecliptic; 

therefore T^ = 7, Tm = 0^ tan Mm = s. 

Take NN' = [g — 1) ^ in a retrograde direction, and join MN' by 
an arc of great circle ; 

then sin N'm = tanilfm coiMN'm^ 

or sin [0 — {y— (g — l) 0]] = s cotMN'm ; 

which, compared with the value of s given above, shews that 
MN'm = tan"^i is constant, and therefore the term k sin(^^ — 7) 
Indicates that the moon moves in an orbit inclined at an angle 
tan"*A to the ecliptic, and whose node regredes along the ecliptic 

with the velocity (^ — 1) -^ , or with a mean velocity {g—l)jp. 



* This expression for the tangent of the latitude is more convenient than 
that which gives it in terms of the mean longitude, Art. (53) on account of 
the less nionber of terms involved. See Pontecoulant, vol. iv.9 p. 630. 
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79. Hence the period of a revolution of the nodes = j — HTy^ 

^ one sidereal month 

but, from Art. (49), the value of ^ = 1 + fm* ; 

.r /. . 1 /. 1 .. 1. 1 one sidereal month 
tnereiore penod of revolution of nodes = r — s 

= 6511 days, nearly. 

This will, for the same reason as in the case of the apse, 

Art. (68), be modified when we carry the approximation to a 

higher degree; this value of ^ is, however, much more accurate 

than the corresponding value of c, for the third term of ^^ is 

small; the value to the third order being (see Appendix, 

Art. 95) 

5r=l + fm'^-^m', 

J ^, . 1 i. 1 .. /. .1 1 - one sidereal month 

and the penod of revolution of the nodes = . »/-, — 5 — \ — 

^ |w(l — fW) 

= 6705 days, nearly. 

This is not far from the accurate value as given by obser- 
vation, and when the approximation to the value of ^ is carried 
to a higher order, the agreement is nearly perfect. 

The true value is 6793*39 days, that is about 18 yrs., 7 mo.* 

Evection in ZatUtide, 

80. To explain the variation of the inclination and the irre^ 
gulariiy in the motion of the node expressed by the term 

+ ^mk sin {(2 - 2m -g) 0-2^ + 7}. 

This term, as a correction on the preceding, is analogous to 
the evection as a correction on the elliptic inequality. 
Taking the two terms together, 

8-k sin((7^- 7) + %mk sin{(2 - 2m -^) 0^2/3 + 7}. 

Let D = longitude of moon = 6j 

0= sun =7w^ + y8, 

X2 = node = 7 — (^ — 1) ^; 

therefore s = A;sin( J — 12) + §wA; sin{2)— X2 — 2(0— 12)}. 

p 
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Now these two terms may be combined into one 
8 = Ksm{}> — 12— S), 
if ^cosS = i + ^mk cos2 (o — 12), 
KsinS = ^mk sin2(o — 12), 

whence taii8= §^sm2(0-12) 

1 H- fw cos2(0-12) ' 

Z* = A»{1 + fw cos 2(0-12)} V A:*{fw sin 2(0 - 12)}', 

or approximately, 

8 = |wsin2(o-12), 

Z = ;fc{l + |77i cos 2(0 - Q)} ; 

but the equation 

^ = Zsin(D-12-S) 

represents motion in an orbit inclined at an angle tanT^K to the 
ecliptic, and the longitude of whose node is 12 + S. 

This term has therefore the following effects : 

1st. The inclination of the moon's orbit is variable, its tan- 
gent increases by fmi when the nodes are in syzygies, and 
decreases by the same quantity when they are in quadrature; 
the general expression for the increase being ^mk cos 2(0—12). 

2nd. The longitude of the node, calculated on supposition 
of a uniform regression, is increased by S = §w sin 2(0 —12), 
so that the node is before its mean place while moving from 
syzygy to quadrature and behind it from quadrature to syzygy. 

Frincijnoy book III., props. 33 and 35. 

The cycle of these changes will be completed in the period 
of half a revolution of the sun with respect to the node, that is, 
in 173*21 days, not quite half-a-year. 

81. The tangent of the latitude has here been obtained ; if 

we wish to have the latitude itself it will be ^ven by the 

formula 

latitude = s — ^s^ + ^«* — &c., 

which, to the degree of approximation adopted, will clearly be 
the same as s. 
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Reduction. 

82. We may now consider the term which we had neglected 
(Art. 76) In the exjpression for the longitude, namely, 

Let -^(fig. 10) be the position of the node when the moon's 
longitude is ^, M the place of the moon, m the place referred 
to the ecliptic. 

Therefore Tm = 0^ 

Nm=g0-yj 
ts,nN=k. 
The right-angled spherical triangle NMm gives 

,,, tan^m 

COS^= =r=^l 

, n 1 — cos^ _ tan^Jf — tan^i?^ 

1 + cos-^ ~ tan-^Jf + tan-Nw * 

JSr_ Bm{NM-Nm) 
^^ 2 "siniNM+Nm)' 

or, since both N and NM— Nm are small, 

tanW NM^Nm . ,, 

IT- .m2Nm ^PP^^^^tely; 

therefore NM-- Nm = {i? sin2(^^— 7) = JJ" sin2(^— 7), nearly. 

Hence this term, which is called the redtiction^ Is approxi- 
mately the difference between the longitude in the orbit and 
the longitude in the ecliptic. 

« 

RADIUS YECTOB. 

83. To explain the physical meaning of the terms in the 
value of u. 

We shall, for the explanation, make use of the formula 
which gives the value of w in terms of the true longitude, 
Art. (48). 

p2 
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Firstly, neglecting the periodical terms, we have for the 
mean value 

u = a(l — f J5:* — ^*). 

The term — \rr?^ which is a consequence of the disturbing effect 
of the sun, shews that the mean value of the moon's radius 
vector, and therefore the orbit itself, is larger than if there 
were no disturbance. 



JSUiptic Inequality, 

84. To explain the effect of the term of ^q first order ^ 

w = a {1 + e cos(c^ — a)}, 

= o[l + e cos^-{a+(l-c)^}]. 

This is the elliptic inequality^ and indicates motion in an 
ellipse whose eccentricity is e and longitude of the apse 
a + (1 — c) ^ ; and the same conclusion is drawn with respect 
to the motion of the apse as in Art. (66). 



Evection, 

85. To explain the physical meaning of the term 
^mea cos{(2 - 2wi - c) ^ - 2^8 + a}. 

This, as in the case of the corresponding term in the longitude, 
is best considered in connexion with the elliptic inequality, and 
exactly the same results will follow. 

Thus calling I^ ^ O, and ol the true longitudes of the moon, 
sun, and apse, the latter calculated on supposition of uniform 
motion, these two tenns may be written, 

w = a[l -he cos( }) - a') + ^me cos{ J — a' + 2(a' - o)}] 

= a[l -+ ^cos(D -a' + 8)]; 

where ^ cos 5 = e + ^me cos 2(a — 0), 

-E sin S = ^me sin 2(a' — 0). 

These are identical with the equations of Art. (70). 
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Variation, 

86. To explain the effect of the te/icm rn^a cos{(2 — 2m) 6 — 2/8}, 

w = a[l + m* cos{(2 - 2m) ^ - 2^}] 
= a[l + m* cos 2( 3) - 0)]. 

As far as this term is concerned, the moon's orbit would be 
an oval having its longest diameter in quadratures and least in 
syzygies. Principiaj lib. I., prop. 66. cor. 4. 

The ratio of the axes of the oval orbit will be 

T"3 — it = f ft nearly, m being •0748. 
See Principia^ lib. III., prop. 28. 

Reduction. 

87. The last important periodical term in the value of u is 

- — COS2(5r^~7). 

This, when increased by a cmistantj is approximately the dif- 
ference between the values of u in the orbit and in the ecliptic. 
For if Wj be the reciprocal of the value of the radius vector 

in the orbit, 

u^ = u cos(latitude), 

= V(iT?) " ^^^ " ^^"^^ i^Q^\j, 

therefore « — w^ = \ti8^ = \cJ^ Ac^i^O — 7) 

= ^oft" — \al^ cos2(5r^ — 7) 
= const. — \al^ cos2(^^ — 7). 

88. The remaining terms in the value of u are of the third 
order, and therefore very small : one of these corresponds to the 
annual equation in longitude Art. (75), where it is of the second 
order, having increased in the course of integration. 
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Periodic time of the Moon. 

89. We have seen, Art. . (65), that the periodic time of the 
moon is greater than if there were no disturbing force ; but this 
refers to the mean periodic time estimated on an interval of 
a great number of years, so that the circular functions in the 
expression are then extremely small compared with the quantity 
pt which has uniformly increased. , 

When, however, we consider only a few revolutions, these 
terms may not all be neglected. The elliptic inequdliiy and 
the evection go through their values in about a month, the 
variation and reduction in about half-a-month ; their effects, 
therefore, on the length of the period can scarcely be considered, 
as they will increase one portion and then decrease another of 
the same month. 

But the annual equation takes one year to go through its 
cycle, and, during this time, the moon has described thirteen 
revolutions ; hence, fluctuations may, and, as we shall now shew, 
do take place in the lengths of the sidereal months during the 
year. 

We have, considering only the annual equation. Art. (75), 

pt=^0 + Sme sin(w^ + y8-f). 

Let T be the length of the period, then when is increased 
by 27r, t becomes t + T'j 

therefore j?(e + T) = 27r + ^ + Sme' sin(2w7r + w^ + yS ~ f ), 

whence jpT = 27r -\- Qme' emmir cos(w7r + "rnO + ^ — f ) ; 

therefore T = mean period H sinwiTr cos(0 — f ), 

where O = mO + jS + mir = sun's longitude at the beginning 

of the month -f- mTT 

= sun's longitude at the middle of the month. 
Hence T will be longest when — f = 0, 

and shortest when O — f = tt ; 
or T will be longest when the sun at the middle of the month 
is at perigee, and shortest when at apogee ; but, at present, the 
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sun is at perigee about the Ist of January, and apogee about 
the Ist of July ; therefore, owing to annual equation^ the winter 
months will be longer than the summer months, the difference 
between a sidereal month in January and July, from this cause, 
being about 20 minutes. 

90. AU the inequalities or equations, which our expressions 
contain, have thus received a physical interpretation. They 
were the only ones known before Newton had established his 
theory, but the necessity for such corrections was fully recog- 
nized, and the values of the coefficients had already been pretty 
accurately determined ; still, with the exception of the reduction, 
which is geometrically necessary, they were corrections em- 
pirically made, and it was scarcely to be expected that any 
but the larger inequalities, viz. those of the first and second 
orders which we have here discussed, could be detected by 
observation: we find, however, that three others have, since 
Newton's time, been indicated by observation before theory had 
explained their cause. These are — ^the secular acceleration^ 
discovered by Halley; an inequality, found by Mayer, in the 
longitude of the moon, and of which the longitude of the ascend- 
ing node is the argument ; and finally an inequality discovered 
by Btirg, which has only within the last five years obtained a 
solution. For a ftirther account of these, as also of some 
other inequalities which theory has made known, see Appendix, 
Arts. (99), (100), (101), (102). 
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CHAPTER VII. 



APPENDIX. 

In this chapter will be found collected a few propositions 
intimately connected with the results or the processes of the 
Lunar Theory as explained in the previous pages. Ileference 
has been made to some of them in the course of the work, and 
the interest and importance of the others are sufficient to justify 
their introduction here. 

91. The moon is retained in her orbit hy the force of gravity ^ 
that isj hy the same force which acts on bodies at the surface of 
the earth. 

The proof of this is merely a numerical verification ; the data 
required from observation are, 

the space fallen through from rest in 1" by bodies at the Earth's 
surface = 16'1 feet, 

the radius of the earth = 4000 miles, 

the periodic time of the moon = 27J days, 

the distance of the moon from the earth's centre = 60 x 4000 miles. 

The force of the earth's attraction oc , ,. ^ ,» . Therefore, the 

(dist.)* ' 

space fallen through in 1" at distance of moon by a body moving 

16*1 
from rest under the earth's action = -tttj- feet 

bO 
= -00447 feet. 
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27r 



= », 



But the moon in one second describes an an£:le ^^, ^. ^^g 

° 27^.24.60 

during which the approach to the earth 

« 60 X 4000 X 5280 (vers. ©) feet 
_ 60 X 4000 X 5280.277^ „ 
" (27i)^(24)^(60r *^^^ 
= -00448 feet. 

Therefore, the space through which the moon is deflected in 
one second from her straight path, is just the quantity through 
which she would fall towards the earth, supposing her to be 
subject to the earth's attraction, and we may, therefore, con- 
clude that she is retained in her orbit by the force of gravity. 

When first Newton, in 1666, attempted to verify this result, 
he found a difierence between the two values equal to one-sixth 
of the less : the reason of his failure was the incorrect measures 
of the earth, which he made use of in his computation ; and it 
was not till about 16 years later that he was led to the true 
result, by using the more correct value of the earth's radius 
obtained by Picart. Principia^ lib. ill., prop. 4. 

92. The moonrCa orbit is everywhere concave to the sun. 

Let 8 J Ej and M (fig. 11) be the centres of the sun, earth, 
and moon. We must bring the sun to rest by applying to the 
three bodies forces equal and opposite to those which act on 
the sun ; but these are so small that we may neglect them and 
consider the moon as moving round the sun fixed, and disturbed 

by the earth alone. 

m' . 

The forces on ilf are, therefore, -^^ inM8j 

E 
and -^js mME, 

This last must be resolved into two, one in M8^ the other per- 
pendicular to it. 

Therefore, the whole central force on the moon in 



« • 
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and the proposition will be proved if we shew that this force is 
always positive* 

^ow, period round sun = j^ — = ^ — nearly, 

and earth = = 



therefore -^ = ^i^ -g^g^ nearly ; 

therefore ^ > ^^ ^^^ , 

m' SM E E 

therefore ~qm^ " 'WW* ^* Positive : 

but the least value of the central force corresponds to cosJf = — 1, 

and is then -^tts "" "pM^ ' ^* ^®' therefore, always positive, or 

the path always concave to the sun. 

At new moon the force with which the moon tends to the 
sun is, therefore, greater than that with which she tends to the 
earth : the earth being itself in motion in the same direction, 
and, at that instant, with greater velocity, will easily explain 
how, notwithstanding this, the moon still revolves about it. 



Central and Tangential Disturbing Forces. 

93. We have hitherto considered the effects of the central 
and tangential disturbing forces in combination; but it will 
be interesting to determine to which of them the several in- 
equalities principally owe their existence. 

(I) To determine the effect of the central diaturhing force. 
Make 7=0; 

therefore jZa + ^ — TTii = % 

au n u 
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or substituting for p-5 from Art. (45), 

|'l-.|J«--^w«+|^»*ecos(c^-a)-fm*cos{(2-27?i)^-2/3} 

+ |w*e C08{(2 - 27W - c) ^ - 2/3 + a} 
+ f A* QOB2{g0-y) - fmV cos(m5+ ^ - f ); 
therefore, 

r 1 - |is» - ^« + e cos(c^- a) + im" cos{ (2 - 2w) ^ - 2^} 

w =al + ^?we cos{(2 - 2w - c) ^ - 2)8 + a} 

-^4*0082(5^^-7)- fwVcos(w^+)8-5). 

If we compare this with the value of u found Art. (48), we see 
that the elliptic inequality, the reduction, and the annual equation 
are due to the central or radial force, as also one half of the 
variation and about a third of the evection. 

It would perhaps be proper to separate the absolute central 
force from the central disturbing force; the terms due to the 
latter are those which contain m] therefore, the elliptic in- 
equality and the reduction are the effects of the former, except 
that in the elliptic inequality the introduction of c, or the motion 
of the apse, is due to the disturbing force. 

(2) To determine the effect of the tangential disturbing force. 

Let the central disturbing force be zero ; 

Pa 
then p-5 = 1^ (1 — l^') = a neglectlog the Inclination, 

It u It 

^3 = - K sin{(2-2m) 5- 2/3} 

+ 3m*e sln{(2 - 2«i - c) ^ - 2/8 + a} 
omitting the term of the fourth order, 

u = a[\ + e cos(c^ — a)} ; 

therefore 73— g ^ = \ni?ae cos{(2 — 2w — c) ^ — 2^ + a}, 

{Si d0 = f w* cos{(2 --2m)0- 2/8} 

- 3«i*e cos{(2 - 2m - c) 5 - 2/8 + a}, 
—^ ^ u = aU> the first order. 
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Sabstttatlng these yalnes in the differential equation 

_ f 1 - f m" cos{(2 - 2m) ^ - 2)8} 

""^1 + V^"«cos{(2-2m-.c)^-2)8 + a}; 

_ ri + e cos(c^ - a) + im' cos{(2 - 2w) 5 - 2/9} 
whence te-aj ^. ^^ eo8{(2- 2m-c) 5-2i8+a}. 

We haye here the remaining half of the yariation and rather 
more than two-thirds of the erection as the effects of the tan- 
gential distarbaace. Also 6=1^ or, to the second order, the tan- 
gential force has no effect on the motion of tiie apse. 

The ineqoalities in the longitude conld be easily obtained 
from the relation 

dt 1 

but they would lead to the very same conclusions as the discus- 
sion of the values of u. 



To calctUaie the value of c to the third order. 

94. We must here make use of the results which the ap- 
proximations to the second order have furnished; but as the 
value of c is determined by that term of the differential equa- 
tion whose argument is c^ — a, we need only consider those 
terms which by their combinations will lead to that one without 
rising to a higher order than the fourtii. 

We shall simplify the arguments by omitting 0j ol, fij which 
can easily be supplied by remarking that c0 — a and tnd — fi 
always enter as one symbol, c and m will therefore be sufficient 
to distinguish them. This only applies to the arguments. 

We have, Arts. (48), (23), 
tt = a{l + e cos(c) •+ m* cos(2 - 2m) + ^m6 cos(2 — 2m — c)}, 
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P 



J— = a - ^w* -3 {1 + 3 cos(2 - 2m)]. 



T -* 



_ = _ |to» 8m(2 - 2m). 



From lihese, we obtain 

« 

P 

rn = a — iw*a {1 + 3 cos(2 - 2m)} {1 — 3e cos(c) 

-h — ^/?i6 cos(2 — 2w — c)} 

= a + fw*ae cos(c) + ^^itrtae cos(c), 

T 

J— = - ^ sin(2 - 2m) {1 - 4e cos(c) - 4m*co8(2 - 2m) 

— ^«i6 cos(2 — 2m — c)} 
= - f m* sin(2 - 2m) + 3m'e sin(2 - 2m - c) + ^m^e sin(c), 

^-8 33 = {— f w* sin(2 — 2m)} { — ^mxie 8ln(2 — 2m — c)} 

+ {3m*e sin(2 - 2m - c)} {- 2m*a 8ln(2 - 2m)} 
= 1^*06 cos(c), 
the other term is of the fifth order, 

c T 

It«-8 ^^ == %^ cos(2 — 2m) — 3m*e cos(2 — 2m — c) — ^m'e cos(c), 

2 (-^ + «* J = 2a{l +. . .- 3m* cos(2 - 2m)-|- ^m'e cos(2 - 2m- c)}; 

Substituting in the equation for w, 
rf*w _ P T du (d^u \ [T ^ 

= a[l + (fm'6+ Wm^e-i^m^e + *^m'e) cos(c) + ...] 

= a{l + (fm*e+ ^m'e) cos(c) +...}. 
Assume u = a{l -|- e cos(c) + ...} ; 
therefore ae[l — c') = (fm'e + ^m\) a ; 
therefore c = 1 — f m* — ^m\ 
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To find the value of g to the third order. 
95. This is to be obtained in a very similar manner from the 
equation ^51 + ^ = &c- We shall, in the argmnent, write g for 

g6 " J' 

8 = k{sm{g) + |w sin(2 - 2m —3)]^ 






Whence 
P5- 5 



7« 8 = - f^*^ {1 + cos(2 - 2m)} {8m(5') + |w sm(2 - 2ni - ^)} 
= - fwi'i (l-A^) sin(5'), 



-^ = A; cos(5') -f f mA; cos (2 — 2m — 17) ; 

T ds 
therefore ^ ^ = - ^^'^ sint^')) 

— + 5 = terms of the third order ; 

therefore 2 ( -5^ + 5 ) 1^-8 ^^ = 0, to the fourth order. 

^ d's _ Ps-- 8 T ds ^fd's _^ \fT ^^ 

= - f m% (1 - ^m - ^m) sin(5r). 
Assume a =:k sm{g) ; 

therefore k{l -/) = - fm'i + ^^m^i, 

96. Hence, to the third order of approximation, 

mean motion of apse _ 1 — c __ fm* + ^m' _ 8 + 75m 
mean motion of node ~ g — l" f m* — ^m' ~ 8 — 3m ' 
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and since 711 = ^ nearly, we see that the moon^s apse progredes 
nearly twice as fast as the node regredes. 

In the case of one of Jupiter's satellites, m is extremely small, 
for the periodic time round Jupiter is only a few of our days, 
and the periodic time of Jupiter round the sun is 12 of our 
years, and therefore w, the ratio of these periods, is very small. 

Hence, the apse of one of Jupiter's satellites progredes along 
Jupiter's ecliptic, with pretty nearly the same velocity as the 
node regredes, assuming these motions to be due to the sun's 
disturbing force; they are, however, principally due to the 
oblateness of the planet. 



Parallactic Inequality. 

97. In carrying on the approximations to a higher order, 
it is found, as we stated Art. (55), that the expressions for 

75-5 and T7-5 contain the terms — %m^a -^ ^ - cos(^— ^'), and 

— fw* -p — jTg. — sin (^ — 6') respectively. 

Since — = ^J^, nearly, is of the second order, these terms are 

Cb 

of the fourth order, but the coeflScient of 6 being near unity, 
they will become important in w, and therefore in ^, Art. (27). 

We can easily obtain the terms to which they give rise in 
the values of u and 0, 

AV = H^+ -|m-^^P^-cos{(l-^)^-/3}J, 

T ^E — M a' . ,. \ /\ a-i 

AV ^ E -^ M a ^^ ^ ^^^ 

tt = a{l — e cos(c^ — a) + }, 

-52 = a« 8m(cr — a) ; 



dd 
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therefore 
— -g ^7j = 0, to the fourth order, 

— — + u = a^ to the second order, 

Substituting in the differential equation for u^ we get 

+ w = a Tl + - V^';^^jg- ~co8{(l-^)^-y8}+... I . 



d^ 



Assume w = a 1 + +A ^ ^ --cos{(l— m)^— y8}+... ; 

therefore A = j$- rs = — \im ; 

1 — (1— w) 

therefore u=^a 1 + — Ifw ^ — ty — cos{(l— m)^— y8)+... . 

98. The corresponding term in the value of will also be 
of the third order, 

^= ~« I 1+ + ^^ ^+ jf a ^^^^^ ^^^ ^^^ "^ J ' 

C T . 

iTTj-a dO is of the fourth order and will not rise in t: 

Jhu ^ 



therefore 



^* If. IK E-Ma' ,,, ,^ ^, *1 

E-Md 
and ^= p« + — ^m F4-M '^ sm{{l — m)pt—fi} + 



• • • 
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This term, whose argument is the angular distance of the 
sun and moon, is called the parallactic inequality on account of 
its use In the determination of the sim's parallax, to which 
purpose it was first applied by Mayer by comparing the ana- 
lytical expression of this coefficient with its value as deduced 

from observation. The values of m and of -7>, and therefore, of 

E -- M . a' 

-^ — T> being pretty accurately known, — will be determined, 

that is, the ratio of the sun's parallax to that of the moon : but 
the moon's parallax is well known ; therefore also, that of the 
sun can be calculated. The value so obtained for the sun's 
parallax is 8*63221", while those given by the two last transits 
of Venus fall between 8-5" and 8-7".* 



Secular Acceleration* 

99. Halley, by the comparison of ancient and modem eclipses, 
found that the moon's mean revolution Is now performed in a 
shorter time than at the epoch of the recorded Chaldean and 
Babylonian eclipses. The explanation of this phenomenon, 
called the secular acceleration of the moon*s mean motion^ was 
for a long time unknown : it was at last satisfactorily given by 
Laplace. 

The value of ^, Art. (50), on which the length of the mean 
period depends, is found, when the approximation is carried to 
a higher order, to contain the quantity e the eccentricity of the 
earth's orbit. Now, this eccentricity is undergoing a slow but 
continual change from the action of the planets, and therefore 
Pj as deduced from observations made in different centuries, will 
have different values. 

The value of p is at present Increasing, or the mean motion 
is being accelerated, and it will continue thus to Increase for a 
period of immense, but not infinite duration ; for, as shewn by 



Pont^coiilaiit, Sy9ihne du Monde, yol. ly. p. 606. 

G 
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Lagrange, the actions of the planets on the eccentricity of the 
earth's orbit will be ultimately reversed, d will cease to diminish 
and begin to increase, and consequently p will begin to decrease, 
and the secular acceleration will become a secular retardation. 

It is worthy of remark that the action of the planets on the 
moon, thus transmitted through the earth's orbit, is more con- 
siderable than their direct action. 



Inequalities depending on the Figure of the Earth. 

100. The earth, not iDcing a perfect sphere, will not attract 
as if the whole of its mass were collected at its centre : hence^ 
some correction must be introduced to take into account this 
want of sphericity, and some relation must exist between the 
oblateness and the disturbance it produces. Laplace in ex- 
amining its effect found that it satisfactorily explained the 
introduction of a term in the longitude of the moon, which 
Mayer had discovered by observation, and the argument of 
which is the true longitude of the moon's ascending node. 

By a comparison of the observed and theoretical values of 
the coefficient of this term, we may determine the oblateness 
of the earth with as great, if not greater, accuracy than by 
actual measures on the surface. 

101. By pursuing his investigations, with reference to the 
oblateness, in the expression for the moon's latitude, Laplace 
found that it would there give rise to a term in which the 
argument was the true longitude of the moon. 

This term, which was unsuspected before, will also serve 
to determine the earth's oblateness, and the agreement with the 
result of the preceding is almost perfect, giving the compres- 
sion ^Ir?,* which is about a mean between the different values 
obtained by other methods. 



Font^conlant, Syatime du Monde, vol. ly. 
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Perturbations due to Venus, 

102. After the expression for the moon's longitude had been 
obtained by theory, it was found that there was still a slight 
deviation between her calculated and observed places, and Blirg, 
who discovered it by a discussion of the observations of Lahire, 
Flamsteed, Bradley, and Maskelyne, thought it could be repre- 
sented by an inequality whose period would be 184 years and 
coefficient 15". This was entirely conjectural, and though 
several attempts were made, it was not accounted for by theory. 

About five years ago, Professor Hansen, of Seeberg in Gotha, 
having commenced a revision of the Lunar Theory, found two 
terms, which had hitherto been neglected, due to the action 
of Venus. One of them is direct and arises from a ' remarkable 

* numerical relation between the anomalistic motions of the moon 

* and the sidereal motions of Venus and the earth ; the other is 
' an indirect effect of an inequality of long period in the motions 

* of Venus and the earth, which was discovered some years ago 
' by the Astronomer Royal.'* 

The periods of these two Inequalities is extremely long, one 
being 273 and the other 239 years, and their coefficients are 
respectively 27*4" and 23"2". ' These are considerable quantities 
in comparison with some of the inequalities already recognised 
in the moon's motion, and, when applied, they are found to 
account for the chief, indeed the only remaining, empirical 
portion of the moon's motion in longitude of any consequence ; 
BO that their discovery may be considered as a practical com- 
pletion of the Limar Theory, at least for the present astro- 
nomical age, and as establishing the entire dominion of the 
Newtonian Theory and its analytical application over that 
refractory satellite.'t 



* Keport to the Annual General Meeting of the Royal Astronomical Society, 
Feb. U, 1848. 

t Address of Sir John Herschel to the Meeting of the Royal Astronomical 
Society. 

G2 
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Motion of the Ecliptic. 

103. We have seen, Art. (14), that our plane of reference 
is not a fixed plane, but its change of position is so slow that 
we have been able to neglect it, and it is only when the 
approximation is carried to a high order, that the necessity 
arises for taking account of its motion. 

It has been found to have an angular velocity, about an 
axis in its own plane, of 48" in a century, and the correction 
thus introduced produces in the latitude of the moon a term 

— CO) cos(^ — 0), 

where w is the angular velocity of the ecliptic, - the angular 

c 

velocity with which the ascending node of the moon's orbit 

recedes from the instantaneous axis about which the ecliptic 

rotates,^ the longitude of this axis at time ty and the longitude 

of the moon at the same instant. 

Let TAM (fig. 11^) be the position of the ecliptic at time f, 
A the point about which it is turning, TA = ^, 
NM the moon's orbit, M the moon, and Mm a perpen- 
dicular to the ecliptic ; Tm = ; Mm = lat. = 13. 

Let APN'm' be the ecliptic after a time St. 

Any point whose longitude is L may be considered as moving 
perpendicularly to the ecliptic with a velocity w sin(X — ^). 

Hence, if i be the inclination of the orbit, and N the longi- 
tude of the node, the point N will move in the direction NP 
with a velocity o) sin(-K''— 0). And N' will move along PN' 
with a velocity © sin(^— ^) cott; 

dN 
therefore "^ ~ ® sin(^— ^) cot t. 

Again, the point of the ecliptic 90° in advance of N^ will move 
towards the moon's orbit with a velocity « 8in(90 + N— <f)) ; 

therefore ^ ~ " ® cos(^— ^). 

Now, cot t, ft), and ^ , ^^ may be considered constant in 
integrating ; 
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therefore SN = c© cos(^~ ^) coti*, 

Si = COD sm[N'- 0), 

where ^(i^)_i, 

at o' 

and if NM = -^^ we have 

Syjt = ; = ; — ; COSfiV ~ ©J, 

^ C0S4 ami ^ ' 

Now, sm/S = sini . sin'^/r ; 

cos/8 . 8)8 = cost . sin*^ . St + sini . cos-^ .S'^/r 

= CO) {cos t sm -^ sin {N— <f)) — cos '^ cob{N— <^) } , 
but cosi. sin*^ = cos/3B,m{0—N) and 008*^ = 008)8 cos (^-JVQ: 
therefore SyS = — cw cos(^ — ^). 

The discovery of this term is due to Professor Hansen ; its 
coefficient is extremely small, about 1*5" ; but, being of a totally 
different nature from those (Jne to successive approximations, it 
was thought desirable to examine it, and the above investigation, 
which was communicated to me by J. C. Adams, Esq., will be 
read with interest on account of its elegance and simplicity. 

We may obtain an approximate value of the coefficient ccj by 

substituting for it — , where a is the number of seconds through 

which the ecliptic is deflected in one year = 0'48", and n is the 
number of years in which the node of the moon's orbit makes 

a complete revolution = 18*6 ; for then, — is the angle described 
by the node in one year ; therefore, ^r— is the ratio of 



fl, . ^ ^^ J supposing (f) to remain constant, which is nearly 

the case ; therefore, 

na 9-3 x 0-48" , ,^,,„ 

c© = — = r—j = 1-42".* 

27r 3*14 

« This affords the solution of a problem proposed in the Senate-House in 
the January Examination of 1852. Question 21, Jan. 22. 
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Note on the Numerical Values of the Coefficients, 

104. When the periods of two of the terms, in the thh'd 
method given in Art. (62), differ but slightly, for instance if 
and (f) go through their periodic variations very nearly in 
the same time, the method could not then with safety be ap- 
plied ; for, since the same values of and would very nearly 
recur together during a longer time than that through which 
the observations would extend, the two terms would be so 
blended in the value of V that they would enter nearly as one 
term — the difference between and (f) would be very nearly 
the same at the end as at the beginning of the series of obser- 
vations. 

105. Let us suppose the periods to be actually identical, 
so that ^ = ^ 4- a, a being some constant angle ; then 

B sin^4- (7sin0 

may be written (J?+ (7 cos a) sin^ + (7 sin a cos^, 

or V= A -\- {B -\- Ocosa) sin^ + (7sina cos^ + 

If now we divide the observations, as before, into two sets, 
corresponding to the positive and negative values of sin^, the 
terms involving cos^ in each set -will be as often positive as 
negative, and will disappear in the summation of each set ; and, 
following the process of the method, will give 

B -\- C cos a = JHf suppose. 

Dividing again into two sets corresponding to the positive 
and negative values of cos^, the terms in sin^ will be cancelled, 
and the same process will give 

(7 sin a = ^suppose. 

Treating in the same way with respect to the angle 0, we 

get two results, 

C+BcosoL = M\ 

— B sina = N' ] 
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from these four equations we easily get 

_ M'N + MN' _ _^ MN+MN' , 

^=-|^; 

Jf, ^, JHf/ ^ are connected by the equation of condition, 

When the periods of and <^ are nearly, but not exactly, 
the same, this equation of condition will not hold, and the pre- 
ceding values of B and C would not be exactly correct, but 
yet they would be very approximate, especially if the mean 
between the two values of B be taken. 

106. We may also, after having taken one of these slightly 
erroneous values for B^ make a further correction by establishing 
as it were a counterbalancing error in the value of C. Let 
B' be the value so found for B] then, from the Fof each of the 
observations subtract the value B' sin^, the result U will be 
very nearly equal to A-\- G sin0 -f- &c., and from the n equations 

U^ = A + (7sin0^ + 

f7, = ^+ Osin^,+ 

U^ = A + Csinc^„+ 

a value C of C will be obtained, by the rule of Art. (62), which 
will be very approximate, and, at the same time, agree better 
with B' in satisfying the equations than C itself would do. 

107. When two terms whose periods are nearly equal do 
occur, it is plain, by examining the values of M and M^' that 
the errors which would be committed by following the rule, 
without taking account of this peculiarity, would be the taking 
B+ Gco&a and C+ Bcosa for B and C respectively. 



( 88 ) 
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HISTORY OF THE LUNAK PKOBLEM BEFORK NEWTON. 

108. The idea which most probably suggested itself to the 
minds of those men who first considered the motion of the moon 
among the stars, was that this motion is imiform and drcolar 
about the earth as a centre. 

This first result is represented in our value of the lon^tude 
by neglecting all small terms and writing 6 =pt 

109. It must, however, have been very soon perceived that 
the actual motion is far from being so simple, and that the moon 
moves with very different velocities at different times. 

The earliest recorded attempts to take, into account the ir* 
regularities of the moon's motion were made by HipparchuB| 
(140 B.C.) He imagined the moon to move with uniform 
velocity in a circle, of which the earth occupied, not the centre, 
but a point nearer to one side. By a similar hypothesis he had 
accounted for the irregularities in the sun's motion, and his 
success in this led him to apply it also to the moon. 

It is clear that, on this supposition, the moon would seem to 
move faster when nearest the earth or in perigee, and slower 
when in apogee, than at any other points of her orbit, and thus 
an apparent unequal motion would be produced. 

Let BAM (fig. 12) be axjircle, GA a radius, E a point m AG 
near (7; CB, ED two parallel lines making an angle a with GA. 

Suppose a body M to describe this circle imiformly with an 
angular velocity p, the time being reckoned from the instant 
when the body was at 5, and the longitude as seen from E 
being reckoned from the line ED ; 
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therefore DEM=^ 6^ BCM = pt^ 

AEM^e-a^ ACM^pt-oL. 
Now Yr\jr ^s * small fraction, and if we represent it by e, we 

shall have . ,, EG . . „,, 

sin i»f= -^:^^^\nAEM 
CM 

= e mi[6 — a) 

= e sin[p^ + ilf— a), 

1 — e cos(jp^ — a) 

this would give M^ and then ^ by the formula =pt + M. 

This was called an eccentric^ and the value of e was called the 
eccentricity J which, for the moon, Hipparchus fixed at sin 5° 1 '. 

110. Another method of considering the motion was by 
means of an epicycle^ which led to the same result. 

A small circle PM (fig. 13), with a radius equal to EC of 
(fig. 12), has its centre in the circumference of the circle RPD 
(which has the same radius as that of the eccentric), and moves 
roimd E with the uniform angular velocity y, the body M being 
carried in the circumference of the smaller circle, the radius PM 
remaining parallel to itself, or, which is the same thing, revolving 
from the radius PE with the same angular velocity p^ so that 
the angle EPM equals PEA. 

Now, when the angle AEP equals the angle ACM of the 
former figure, it is easily seen that the two triangles EPM^ ECM 
are equal, and therefore the distance EM and the angle AEM 
will be the same in both, that is, the two motions are identical. 

111. The value of e being small, we find, rejecting e*, &c., 

Jif = e sin [pt — a), 
therefore =^pt •\' e mi[pt — a). 

If we reject terms of the second order in our expression 
for the longitude, and make c = 1, we get. Art. (51), 

= pt -\-2e mk[pt — a). 
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which will be identical with the above if we suppose the eccen- 
tricity of the eccentric to be double that of the elliptic orbit. 

Ptolemy (a.d. 140) calculated the eccentricity of the moon's 
orbit, and found for it the same value as Hipparchus, viz. 

sin 5° 1' = 3^, nearly. 

The eccentricity in the elliptic orbit is, we know, about ^. 
These values will pretty nearly reconcile the two values of 
given above, and this shews us, that for a few revolutions the 
moon may be considered as moving in an eccentric, and her 
positions in longitude calculated on this supposition will be 
correct to the first order. 

Her distances from the earth will not however agree; for 
the ratio of the calculated greatest and least distances would 

be ^ or If, while that of the true ones would be - — —■ 

or f ^, which differ by y^. 

It would, therefore, have required two different eccentrics to 
account for the changes in the moon's longitude and in her 
radius vector. Changes in the latter could not, however, be 
easily observed with the rude instruments the ancients pos- 
sessed, and it was very long before this inconsistency was 
detected. 

112. We have said that the moon's longitude, calculated 
on the hypothesis of an eccentric, will be pretty accurate for 
a few revolutions. 

The data requisite for this calculation are, the mean angular 
motion of the moon, the position of the apogee, and the mag- 
nitude of the eccentricity. 

But it was known to Hipparchus and to the astronomers of 
his time, that the point of the moon's orbit where she seems 
to move slowest, is constantly changing its position among the 
stars. Now this point is the apogee of Hipparchus's eccentric, 
and he found that he could very conveniently take account of 
this further change by supposing the eccentric itself to have 
an angular motion about the earth in the same direction as 
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the moon herself, so as to make a complete revolution in about 
nine years, or about 3** in each revolution.* 

This motion of the apsidal line follows also from our expres- 
sion for the longitude, as shewn in Art. (66). It is there, 
however, connected with an ellipse instead of an eccentric ; and 
though the discovery that the elliptic is the true form of the 
frmdamental orbit was not the next in the order of time after 
those of HIpparchus, yet, as all the irregularities which were 
discovered in the intervening seventeen centuries are common 
both to Hipparchus's eccentric and to Kepler's ellipse, it will 
be as well for us to consider at once this new form of the 
orbit. 



Elliptic Form of the Orbit, 

113. We need not dwell on the steps which led to this 
great and important discovery. Kepler, finding that the pre- 
dicted places of the planet Mars, as given by the circular 
theories then in use, did not always agree with the computed 
ones, sought to reconcile these variances by other combinations 
of circular orbits, and after a great number of attempts and 
failures, and eight years of patient investigation, he found it 
necessary to discard the eccentrics and epicycles altogether, 
and to adopt some new supposition. An ellipse with the sun 
in the focus was at last his fortunate hypothesis, which was 
found to give results in accordance with observation; and this 
form of the orbit was, with equal success, afterwards extended 
to the moon as a substitute for the eccentric : but the departures 
from elliptic motion, due to the disturbing force of the sun, 
are, in the case of the moon, much greater than the disturb- 
ances of the planet Mars by the other planets. 



* On the supposition of an epicycle, this motion of the apse could as easily 
be represented by supposing the radius which connects the moon with the 
centre of the epicycle to have this imiform angular velocity of about 3" in each 
revolution, and also in the same direction. 
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In Kepler^B hypothesis, then, the earth is to be comddered 
as occupying the focus of an ellipse, in the perimeter of whidi 
the moon is moving, no longer with either uniform linear or 
angular velocity, but in such a manner that the radius vector 
sweeps over equal areas in equal times. 

This agrees with our investigation of the motion of two 
bodies. Art. (10). 

^vectton, 

114. The hypothesis of an eccentric, whose apse line has 
a progressive motion, as conceived by Hipparchus, served to 
calculate with considerable accuracy the circumstances of 
eclipses ; and observations of eclipses, requiring no instruments, 
were then the only ones which could be made with sufficient 
exactness to test the truth or fallacy of the supposition. 

Ptolemy (a.d. 140) having constructed an instrument, by 
means of which the positions of the moon could be observed in 
other parts of her orbit, found that they sometimes agreed, but 
were more frequently at variance with the calculated places; 
the greatest amount of error always taking place at quadrature 
and vanishing altogether at syzygy. 

What must, however, have been a source of great perplexity 
to Ptolemy, when he attempted to investigate the law of this 
new irregularity, was to find that it did not return in every 
quadrature, — in some quadratures it totally disappeared, and 
in others amounted to 2° 39', which was its maximum value. 

By dint of careful comparison of observations, he found that 
the value of this second inequality in quadrature was always pro- 
portional to that of the first in the same place, and was additive 
or subtractive according as the first was so: and thus, when 
the first inequality in quadrature was at its maximum or 5** 1', 
the second increased it to 7° 40', which was the case when the 
apse line happ^ied to be in syzygy at the same time.* 

« It would seem as if Hipparchus had felt the necessity for some further 
modification of his fijrst hypothesis, though he was unable to determine it; for 
there is an observation made by him on the moon in the position here specified 
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But if the apse line was in quadrature at the same time as 
the moon, the second inequality vanished as well as the first. 

The mean value of the two inequalities combined was there- 
fore fixed at 6' 20^. 

115. To represent this new inequality, which was subse- 
quently called the Evection^ Ptolemy imagined an eccentric in 
the circumference of which the centre of an epicycle moved 
while the moon moved in the circumference of the epicycle. 

The centre of the eccentric and of the epicycle he supposed 
^ ^y^ysy *^ the same time, and both on the same side of 
the ear^. 

Thus, if E represent the earth (fig. 14), 

8 sun, 

M moon, 

c the centre of the eccentric BKT in syzygy, 
jR, the centre of the epicycle, would also be in syzygy. 

Now conceive c, the centre of the eccentric, to describe a 
small circle about -E in a retrograde direction cc\ while -B, the 
centre of the epicycle, moves in the opposite direction, in such 
a manner that each of the angles S'Ecy 8'EE may be equal 
to the synodical motion of the moon, that is, her mean angular 
motion from the sun; 8E8' being the motion of the sun in 
the same time. 

Now we have seen. Art. (110), that the first inequality was 
accounted for by supposing the epicycle RM to move into the 
position rwi, r and R being at the saiiie distance from jEJ, and 
rm parallel to RM^^ the first inequality being the angle rEm, 
But when the centre of the epicycle is at R\ and R'M' is parallel 
to rm^ the inequality becomes R'EM\ and we have a second 
correction or inequality mEM'. 

when the error of his tables would be greatest ; and at a time also when she 
was in the nonagesimal, so that any error of longitude, arising from her yet 
uncertain parallax, would be avoided. Ptolemy, who records the observation, 
employs it to calculate the evection, and obtains a result agreeing with that 
of his own observations. (See Delambre, A9t» Ancienne,)' 

* For simplicity we leave out of consideration the motion of the apse. 



94 LUNAR THEORY. 

116. That this hypothesis will account for the phenomena 
observed by Ptolemy, Art. (114), will be readily understood. 

At syzygies, whether conjunction or opposition, the centres 
of the eccentric and epicycle are in one line with the earth 
and on the same side of it ; the points r and B! coincide, as also 
m and M\ Hence mEM' = 0. 

At quadratures (figs. 15 and 16) c and R' are in a straight 
line on opposite sides of the earth, and therefore R' and r at 
their furthest distance. If, however, M' and m be at the same 
time in this line, or, in other words, if the apse line be in 
quadratures (fig. 15), the angle mEM' will still be zero, or there 
will be no error in the longitude. But, if the apse line is in 
syzygy (fig. 16), the angle mEM' attains its greatest value.* 

Ptolemy, as we have said, found this greatest value to be 
2° 39', the angle mEr being then 5' 1'. 

117. Copernicus (a.d. 1543), having seen ^ that Ptolemy's 
hypothesis gave distances totally at variance with the obser- 
vations on the changes of apparent diameter,t made another 
and a simpler one which accounted equally well for the in- 
equality in longitude, and was at the same time more correct 
in its representation of the distances. 

Let E (fig. 17) be the earth, OD an epicycle whose centre 
G describes the circle G'GG" about E with the moon's mean 
angular velocity. 

Let (70, a radius of this epicycle, be parallel to the apse 
line EA^ and about as centre let a second small epicycle be 
described, the radii GO and DM being so taken that 

GO--OM . ^ow , GO + OM . .^^, 
Yp^ — = sm 5 1 , and ^1^ — = sm7 40 . 



* If Ptolemy had used the hypothesis of an eccentric instead of an epicycle 
for the first inequality of the moon, an epicycle would have represented the 
second inequality more simply than his method did. Dr. Whewell's History 
of the Inductive Sciences, vol. i. p. 230. 

t See Delambre^ Ast, Modeme, vol, i, p. 116. Whewell's History of 
Indtictive Sciences, vol. i. p. 395. 
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The radius OM must now be made to revolve from the radius 
00 twice as rapidly as EO moves from E8^ so that the angle 
OOMmzj be always double of the angle 0E8, 

From this construction, it follows that in syzygies the angle 
0E8 bemg 0° or 180°, the angle OOM is 0? or 360° ; and there- 
fore and M are at their nearest distances, as in the positions 
C and 0'" in the figure. Then CM=^C0-0M, and the 
angle OEM will range between 0° and 5° 1', the greatest value 
being attained when the apse line is in quadrature. 

When the moon is in quadrature OES = 90° or 270°, and 
therefore, 00M= 180° or 540° and and M are at their greatest 
distance apart, as in the position 0" ; then, OM = 00 + OM^ 
and the angle OEM will range between 0° and 7° 40', the former 
value when the apse line is itself in quadrature, and the latter 
when it is in syzygy. 

118. Thus the results attained by Ptolemy's construction 
are, as far as the longitudes at syzygies and quadratures are 
concerned, as well represented by that of Copernicus; and the 
variations in the distances of the moon will be far more exact, 
the least apparent diam*eter being 28' 45" and the greatest 37' 33"; 
whereas, Ptolemy's would make the greatest diameter 1°.* 

The values which modem observations give vary between 
28' 48" and 33' 32". 

119. It will not now be difficult to shew that the introduc- 
tion of this small epicycle corresponds with that of the term 
^me sin{(2 — 2m — c) pt - 2^ + a} in our value of 0. 

For, referring to (fig. 17), we have 

OEM= smOEM= ^sinOME 

OE 

= ^mi{OOM-AEM) 
= ^»m{2.8E0-AEM) 

= jy= sin{2(moon'8 mean long. — sun's long.) 
- (moon's true long. — long, of apse)}, 

♦ Delambre, Ast, Moderne, 
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and OEM being a small angle whose maximum is 1** 19^', we 
may write moon's mean longitude instead of the trae in the 
argument, and also EG ior OE) therefore, 

OEM= -^y^ sin{2(moon's mean longitude — sun's lon^tude) 

— (moon's mean longitude — lon^tude of apse)} 



= 79f sin[2{2?« - {mj>t + fi)} - {pt- {I- c)pt + a}] 

= 4770" sin{(2-2??i-c)2?«-2;3 + a}. 

The value of the coefficient is from modem observations found 
to be 4589-61". 

120. In Art. (70), we have considered the effect of this 
second inequality in another light, not simply as a small quantitj 
additional to the first or elliptic inequality, but as forming a part 
of this first ; and therefore, modifying and constantly altering 
the eccentricity and the uniform progression of the apse line. 

Boulliaud (a.d. 1645), by whom the term Evection was first 
applied to the second inequality, seems to hint at something 
of this kind in the rather obscure explanations of Ms lunar 
hypothesis, which never having been accepted, it would be 
useless to give an accoimt of.* 

In Ptolemy's theory. Art. (115), the evection was the result 
of an apparent increase of the first lunar epicycle caused by 
its approaching the earth at quadratures; but, in this second 
method, it is the result of an actual change in the elements of 
the elliptic orbit. 

D'Arzachel, an Arabian astronomer, who observed in Spain 
about the year 1080, seems to have discovered the unequal, 
motion of the apsides, but his discovery must have been lost 



* Apr^s avoir 6tabli les mouvemens et les ^poques de la lune, BouUiaud 
reyient h. rexplication de r^vection ou de la seconde in^galit^. Si sa th^orie 
n'a pas fait fortune, le nom du moins est rest4. * En mSme temps que la lune 
* avance sur son cdne autour de la terre, tout le tyst^me de la lune eat diplaci ; 
' la terre emportant la lune, rejette loin d'elle Tapog^e, et rapproche d'autant 
*le perigee ; mais cette 6yection h des bomes fix^es.' 

Delambre, Hist, de FAst, Mod,t torn. ii. p. 157. 
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sight of, for Horrocks, about 1640, rediscovered it 'in conse- 
quence of his attentive observations of the lunar diameter : he 
found that when the distance of the sun from the moon's apogee 
was about 45° or 225°, the apogee was more advanced by 25° 
than when that distance was about 135° or 315°. The apsides, 
therefore, of the moon's orbit were sometimes progressive and 
sometimes regressive, and required an equation of 12° 30', some- 
times additive to their mean place and sometimes subtractive 
from it.'* 
Horrocks also made the eccentricity variable between the 

limits -06686 and -04362. 

The combination of these two suppositions was a means of 

avoiding the introduction of* Ptolemy's eccentric or the second 

epicycle of Copernicus : their joint effect constitutes the evection. 

Variation, 

121. After the discovery of the evection by Ptolemy, a 
period of fourteen centuries elapsed before any further addition 
was made to our knowledge of the moon's motions. Hipparchus's 
hypothesis was found suflSicient for eclipses, and when corrected 
by Ptolemy's discovery, the agreement between the calculated 
and observed places was found to extend also to quadratures; 
any slight discrepancy being attributed to errors of observation 
or to the imperfection of instruments. 

But when Tycho Brahd (a.d. 1580) with superior instruments 
extended the range of his observations to all intermediate points, 
he found that another inequality manifested itself. Having 
computed the places of the moon for different parts of her orbit 
and compared them with observation, he perceived that she was 
always in advance of her computed place from syzygy to quad- 
rature, and behind it from quadrature to syzygy ; the maximum 
of this variation taking place in the octants, that is, in the 
points equally distant fix^m syzygy and quadrature. The moon's 
velocity therefore, so far as this inequality was concerned, was 



* Small's Astronomical Discoveriea of Kepler^ p. 307. 
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greatest at new and fiill moon, and least at the first and third 
quarter* 

Tycho fixed the maximum of this inequality at 40' 30". The 
value which results from modem observations is 39' 30". 

122. We have already two epicycles, or one epicycle and an 
eccentric, to explain the first two inequalities : by the introduc- 
tion of another epicycle or eccentric, the variation also might 
have been brought into the system; but Tycho adopted a dif- 
ferent method :t like Ptolemy, he employed an eccentric for the 
evection, but for the first or elliptic inequality he employed a 
couple of epicycles, and this complicated combination, which it 
is needless farther to describe, represented the change of distance 
better than Ptolemy's. 

To introduce the variation^ he imagined the centre of the 
larger epicycle to librate backwards and forwards on the eccen- 
tric, to an extent of 40^ on each side of its mean position ; this 
mean place itself advancing uniformly along the eccentric with 
the moon's mean motion in anomaly; and the libration was so 
adjusted, that the moon was in her mean place at syzygy and 
quadrature, and at her furthest distance from it in the octants^ 
the period of a complete libration being half a synodical revo- 
lution. 



* * It appears that Mohammed- Aboul-Wefa-al-Bouz^ani, an Arabian astro- 

* nomer of the tenth century, who resided at Cairo, and observed at Bagdad in 

* 975, discovered a third inequality of the moon, in addition to the two ex- 
'pounded by Ptolemy, the equation of the centre and the evection. This 

* third inequality, the variation, is usually supposed to have been discovered 

* by Tycho Brah6, six centuries later In an almagest of Aboul-Wefk, a 

* part of which exists in the Koyal Library at Paris, after desoibing the two 

* inequalities of the moon, he has a Section IX., " Of the third anomaly of the 

*moon called Mtihazal or Proanenais'* But this discovery of Aboul-Wefa 

' appears to have excited no notice among his contemporaries and followers ; at 

* least it had been long quite forgotten, when Tycho Brah£ rediscovered the 

* same lunar inequality/ Whewell's Hist, of Inductive Sciences^ vol. i. p. 243. 

t For a full description of Tycho's hypothesis, see Delambre, Hist, de tAst. 
Mod., tom. I. p. 162, and An Account of the Astronomical Discoveries of Kepler, by 
Kobert Small, p. 135. 



DISCOVERY OP ANNUAL EQUATION. 99 

Annual Equation, 

123. Tycho Brah^ was also the discoverer of the fourth 
inequality, called the annual equation. This was connected 
with the anomalistic motion of the sun, and did not, like the 
previous Inequalities, depend on the position of the moon in her 
orbit. 

Having calculated the position of the moon corresponding to 
any given time, he found that the observed place was behind 
her computed one while the sun moved from perigee to apogee, 
and before it In the other half year. 

Tycho did not state this distinctly, but he made a correction 
which, though wrong in quantity and applied In an Indirect 
manner, shewed that he had seen the necessity and understood 
the law of this inequality. 

He did not try to represent It by any new eccentric or 
epicycle, but he Increased by (8m. 13s.) sln(5ww's anomaly) the 
time which had served to calculate the moon's place ;* thus 
assuming that the true place, after that Interval, would agree 
with the calculated one. Now, as the moon moves through 4' 30" 
in 8m. 13s., it Is clear that adding (8m. 13s.) mi[sun^s anomaly) 
to the time Is the same thing as subtracting (4' 30") mi{»un's 
anomaly) from the calculated longitude, which was therefore 
the correction virtually introduced by Tycho.f Modem obser- 
vations shew the coefficient to be 11' 9". 

We have seen. Art. (75), how this inequality may be Inferred 
from our equations. 

Reduction, 

124. The next inequality in longitude which we have to 
consider, is not an Inequality In the same sense as the foregoing ; 

• That is, the equation of time which he used for the moon differed by that 
quantity from that used for the sun. 

t Horrocks (1639) made the correction in the same manner as Tycho,|but so 
increased it that the corresponding coefficient was 11' 51" instead of 4' 30". 
Flamsteed was the first to apply the correction to the longitude instead of the 
time. 
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that Is, it does not arise from any irregularity In the motion of the 
moon herself in her orbit, but simply because that orbit is not 
in the same plane as that in which the longitudes are reckoned, 
so that even a regular motion in the one would be necessarily 
irregular when referred to the other. Thus if NMn (fig. 10) 
be the moon's orbit and tNm the ecliptic, and if M the moon 
be referred to the ecliptic by the great circle Mm perpendicular 
to It, then MN and mN are 0', 90°, 180°, 270°, and 360° simul- 
taneously, but they differ for all intermediate values : the 
difference between them is called the reduction, 

« 

The difference between the longitude of the node and that 
of the moon In her orbit being known, that Is the side NM of 
the right-angled spherical triangle NMm^ and also the angle 
N the inclination of the two orbits, the side Nm may be calcu- 
lated by the rules of spherical trigonometry, and the difference 
between it and NM^ applied with a proper sign to the longitude 
in the orbit, gives the longitude In the ecliptic. 

Tycho was the first to make a table of the reduction instead 
of calculating the spherical triangle. His formula was 

reduction = tan'"* J/ sin 2i — Jtan*J/sIn4i, 

where / Is the inclination of the orbit and L the longitude of 
the moon diminished by that of the node. 

The first term corresponds with the term — \¥ sin 2 (^[p^ — 7) 
of the expression for 0, 

Latitude of the Moon, 

125. That the moon's orbit is inclined to the ecliptic was 
known to the earliest astronomers, from the the non-recurrence 
of eclipses at every new and fiill moon ; and It was also known, 
since the eclipses did not always take place in the same part 
of the heavens, that the line of nodes represented by Nn 
(fig. 10) has a retrograde motion on the ecliptic, N moving 
towards T. 

Hipparchus fixed the Inclination of the moon's orbit to the 
ecliptic at 5°, which value he obtained by observing the greatest 
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distance at which she passes to the north or south of some star 
known to be in or very near the ecliptic, as for instance the 
bright star Bregulus; and by comparing the recorded eclipses 
from the times of the Chaldean astronomers down to his own, 
he fomid that the line of nodes goes round the ecliptic in a 
retrograde direction in about 18| years. 

This result is indicated in our expression for the value of the 
latitude by the term k sm{g0 — 7), as we have shewn Art. (78). 

126. Tycho Brah^ further discovered that the inclination of 
the lunar orbit to the ecliptic was not a constant quantity of 5** 
as Hipparchus had supposed, but that it had a mean value of 
5** 8', and ranged through 9' 30" on each side of this, the least 
inclination 4* 58^' occurring when the node was in syzygy, and 
the greatest 5° 17^' being attained when the node was in 
quadrature.* 

He also foimd that the retrograde motion of the node was 
not uniform: the mean and true position of the node agreed 
very well when they were in syzygy or quadrature, but they 
were 1° 46' apart in the octants. 

By referring to Art. (80), we shall see that these correc- 
tions, introduced by Tycho Brah^, correspond to the second 
term of our expression for s. 

Since Hipparchus could observe the moon with accuracy 
only in the eclipses, at which time the node is in or near syzygy, 



* Ebn Jounis, an Arabian astronomer (died a.d. 1008), whose works 
were translated about 30 years since by Mons. Sedillot, states that the in- 
clination of the moon's orbit had been often observed by Aboul- Hassan- Aly- 
ben-Amajour about the year 918, and that the results he had obtained were 
generally greater than the 5* of Hipparchus, but that they varied considerably, 

Ebn Jounis adds, however, that he himself had observed the inclination 
several times and found it 5** 3', which leads us to infer that he always observed 
in similar circumstances, for otherwise a variation of nearly 23' could scarcely 
have escaped him. See Delambre, Hist, de VAst, du May en Aye, p. 139. 

The mean value of the inclination is 5* 8' 55 '46", — the extreme values are 
i"" 6T 22" and 5" 20' 6". 

The mean daily motion of the line of nodes is 3' 10*64", or one revolution 
in 6793'39 days, or 18y. 218d. 21h. 22m. 468, 
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we see why the value he found for the inclination of the orbit 
was approximately its minimum value, and also why he was 
unable to detect the want of uniformity in the motion of the 
node. 

127. To represent these changes in the position of the 
moon's orbit, Tycho made the following hypothesis* 

Let ENF (fig. 18) be the ecliptic, K its pole, BAG 2^ small 
circle, having also K for pole and at a distance from it equal 
to 5** 8'. Then, if we suppose the pole of the moon's orbit to 
move uniformly in the small circle and in the direction BAC^ 
the node N^ which is at 90° from both A and K^ will retrograde 
uniformly on the ecliptic, and the inclination of the two orbits 
will be constant and equal to AK. 

But instead of supposing the pole of the moon's orbit to be 
at -4, let a small circle ahcd be described with A as pole and 
a radius of 9' 30"; and suppose the pole of the moon's orbit to 
describe this small circle with double the velocity of the node 
in its synodical revolution which is accomplished in about 
346 days, in such a manner that when the node is in syzygy 
the pole may be at a, the nearest point to K^ and at c the 
most distant point when the node comes to quadrature, at b in 
the first and third octants, and at d in the second and fourth, 
so as to describe the small cu'cle in about 173 days, the centre 
A of the small circle retrograding meanwhile with its uniform 
motion. 

By this method of representing the motion, we see that 

when node is in syzygy] the inclination (Ka = 5° 8' — 9^ = 4** 58^', 
quadrature} of the orbit is |jS'c = 5** 8' + 9^= 5' 17f, 

while at the octants it has its mean value Kb = Kd^ KA = 5** 8'. 

Again, with respect to the motion of the node, since N is 
the pole of KaAc^ it follows that when in syzygy and quad- 
rature, the node occupied its mean place, in the first and third 
octants, the pole being at 5, the node was behind its mean 
place by the angle bKA = (9' 30") cosec 5' 8' = 1° 46', nearly, 
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and it was as much in advance of its true place in the second 
and fourth octants. 

So that the whole motion of the node, and the correction 
which Tycho had discovered, were properly represented by 
this hypothesis, which is exactly similar to that which Coper- 
nicus had imagined to explain the precession of the Equinox. 



THE END. 
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the soul clouds that are gathering heavily , and threatening to settle down 
in wintry gloom on the summer of many a fair and promising young life J* 

SpBCTATOB, Oct. 2. 

"We are glad to commend Phaethon."— JSxAssmvR, 

**Is much to be recommended."— CwaistiAJf Remembrakcxb. 

" One of the most interesting books we ever read." 

Nonconformist, Jan. 19, 1853. 

*' We cordially welcome Mr. JKlngsley into the field of discussion oft which 
he has here entered. It is one tn which he is capable beyond most of 
doing the statd osme service" — British Quarterly. 

" Thejigure of Professor Windrush is skUfullu brought out. touch after touch. 
Many of the separate strokes are capital, and place before us to the life 
one p?Mse or other of the modem American free-thinker." 

Prospectivb Review, Fd». 1863. 

** Wegladlu acknowledge that close, as well as * loose* thinkers may find matter 
of profit and pleasure in this book." — "Eyejuikq Joitrnal, Mar, 24, 1853. 

III. 

Sonnets on the Death of the late Duke of Wellington. 

By SEBASTIAN EVANS. 8vo. U. 

** Thoughtful and earnest, and in every uhw possess real merit."— YxAsamva., 
** Have an eloquence and poetic rythm which unll suffice to distinguish them 

firom the crowd of similar compositions "—Critic. 
" THdy poetical and exceedingly thoughtful." — John Bull. 
" Grace of sentiment, and poetry of expression." — Atbxkmvu, 



2 Miscellaneous, 

IV. 

Letters from Italy and Vienna. 

Fcap 8vo. cloth 6«. Qd, 
"Living and l^e^ike." — Spectator. 
** Since Mr. Matthews? welUknmon and ever-fresh Diary of an Invalid^ we 

have not met toith a more pleasant and readable volume of this class than 

the little work before im."— English Chukchman. 

V. 

Elopstock's Odes. 

Translated from the German. By the Rev. W. NIND, M.A., 

Fellow of St. Peter's College, Cambridge. Fcap. 8vo. cloth, 6s. 

**Klopstock has been peculiarly fortunate in falling into the hands of an 
author, whose poetical gentus enables him to give full (ffect to the tender- 
ness and grace with which these Poems abound. There are a thousand 
beauties in this little volume." — English IIevisw. 

VI. 

Preparing for Publication; to be completed in about five Parts, 
price ds. each, forming one volume, 8yo., of about 600 pages, 
with nearly 1000 Illustrations in the Text, drawn and engraved 
by the !A.uthor. 

A Manual of the Genera of British Fossils. 

Comprising Systematic Descriptions of all the Classes, Orders, 
Families, and Genera of Fossil Animals, found in the Strata of 
the British Isles : with Figures of all the Generic Types. By 
FREDERICK M*COY, Professor of Geology and Mineralogy, 
Queen's College, Belfast. 

vn. 

Preparing for Publication, by the same Author, Crown Svo., 

with numerous Illustrations, 

An Elementary Introduction to the Study of 

'Palaeontology. With- numerous Figures illustrative of Struc- 
tural Details. 




VIII. 

Cambridge Guide. 

A New Edition, with Engravings and a Map. 

Royal 18mo. cloth, 5s. 6d. 

IX. 

Bishop Halifax's Analysis of the Civil Law. 

A new Edition, with alterations and additions. By J. W. 
GELD ART, LL.D. Svo. cloth bds. 8s. 6d, Interleaved, 10s. 6d. 
Double interleaved, 128. 6d. 

Macmillan and Co. 
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THEOLOGY. 

I. 
The Prophets and Swings of the Old Testament. 

By the Rev. F. D. MAURICE, M.A., Chaplain of Lmcoln's Inn, 
Professor of Diyinity in King's College, London, cloth, 10s. 6d. 

" No statesman, no politidaii, no student 

of history, can fail to derive instruction from this volume. In some 
resi>ects so strikingly different, yet in this main feature Mr. Maurice's 
lectures on Jewish Historv resemble Carlyle's History of the French 
Revolution, only that for the 'eternal laws' and *£aexorabIe destiny' of 
the lay preacher, the Christian professor of Mstory substitutes with no 
shamefaced periphrasis the action of a personal God, whose absolute will 
struggles with the reluctant wills of men, and out of the struggle 
gradiully emerges harmony, submission, and the kingdom of heaven." 

Spbctatob, Jan, 22. 

*< We recommend this volume to the careftil study of our 

readers. They will find in it not onlv rich helps, but also strong 
attractions to the intelligent reading of the Prophecies." 

Pbospectivx Review, Feb, 1853. 

"We have lingered over these pages with pleasure We must 

invite and s1ax)ngly recommend our readers to buy the book and give 

it a perusal. It is quite new in the line of exposition It Is a 

natural yet devout and purely philosophical apprehension of t^e subject 
itself, apart from the treasures of Biblical and literary iUustratiou, that 
commands our admiration; and this reflective power, chastened and 
guided as it is in Mr. Maurice, by a devout and purely evangelical 
principle, must have our unqualifled praise." — Ch&istiam Tuces. 

" Evince not merely undiminished but increased intdlectual power. The 
tone is practical and healthy." — English Review, April 1853. 

" It is an admirable critical History of the Hebrew Polity. The inspired 
history of the Kings is closely adhered to. We have a deeply interesting 
review of their reigns— when the Prophets were the central lights. The 
author of this volume has taken occasion to exx>ound wiui peculiar 
clearness the connection of the Prophecies with the history." 

KiTTo's JoiTBNAL, April 1863. 

** The literary merit of the volume, and its bearing upon social and political 
questions, warrant a fuller notice than Sermons can usually claim at 
our hands. We gladly quote a passage, which contains a s];>ecimen 
of the vigour and the b^utv so often to be admired in the volume 
before us."— GuABDiAir, AprulZt 1853. 

« We must be satisfied with exhibiting its character, and 

asking for it that deep attention which we think it richly and pre- 
eminently deserves The deep insight shown in the treatment 

of the subject, and the fireshness and originality which pervade it, — ^the 
delicacy of thought and robustness of sentiment,— the profound truths 
exhibited in strong lights, and the practical lesscms for the day and 
for all times, which are uttered witii rare beauty and power, — ^theae 
characteristics belong so folly and richly to this volume, that they impose 
a silence on our criticism." — Nonconforxist, April 20, 1853. 

Cambridge. 
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II. 
The Restoration of Belief. 

Crown 8vo. sewed, 28. 6d. each, 

CONTENTS : 

Part I. Christianity in relation to its Ancient and Modem 
Antagonists. 

Part II. On the Supernatural Element contained in the Epistles 
and its bearing on the argument. 

Part III. The Miracles of the Gospels considered in their re- 
lation to the principal features of the Christian Scheme. 

Which completes the work. Nearly ready. 

** We are charmed with the calmj lucid, and orderly treatment of the great 

question." — Eclectic, Feb. 1853. 
" Ckilm and invincible logic."— ISob.tb. Bktttbh Review, Nov. 1852. 

""Worthy op becoming one op ouh standard works on the Christian 
Evidences." — Nonconformist, Dec. 15, 1852. 

" Able and powerful. Its theme is not one that we can discuss, hut we hear 
willing testimony to the writer's candour and to his powers."— A^i^^vjavhi. 

ni. 
Sermons, Doctrinal and Practical. 

By the Rev. WILLIAM ARCHER BUTLER, M.A.. late 
Professor of Moral Philosophy in the University of Dublin. 
Edited, with a Memoir of the Author's Life, by the Rev. 
Thomas Woodward, M.A., Vicar of Mullingar. With Portrait, 
Second Edition. 8vo. cloth lettered, 12s. 

**An eminent divine and a profound thinker." — English Review. 

"May justly take rank with the first wriHngs in our language." — Theologian. 

" Foet, orator, metaphysician, theologian, — * nihil tetigit quod non omavit.' " 
* Dublin Univebsity Magazine. 

"A man of whom, hoth as regards his life and his remarkable powers, his 
Church may he Justly proud.— Tbx Guardian. 

" These Sermons present a richer combination of the qualities for sermons of 

the first class than we have met with in any living writer discrimina" 

tion and earnestness, beauty and power, a truly ph^Mophical spirit. 
They are models of their kina." — British Quarterly. 

IV. 

Notes, Explanatory and Critical, on the Books 

of JONAH and HOSEA. By the Rev. W. DRAKE, M.A., 
late Fellow of St. John's College, Cambridge. 8vo. cloth, 9«. 

Jttat Published. 

** Extremely well calculated to aid the student." — English Review. 

'* The class of learners between the beginner and the scholar wUl, we doubt 
not, consult Mr. Brokers hook with no small advantage." 

Churchman's Magazine, April 1853. 

" Very judicious .... Well digested and useful information." 

Nonconformist, Aprils. 

Macmillan and Go. 
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V. 

Mr. Trench's Hulsean Lectures for the Years 

1845 and 1846. Second Edition. 8yo. bds. 78. 6d. 

vr. 
Law's Remarks on the Fable of the Bees. 

With an Introduction by the Rev. F. D. MAURICE, M.A., 
Professor of Theology in King's College, London. 12mo. bds. 
4s. 6d. 



VII. 

''^An Introduction to the Study of the Gospels : 

Including a new and improved Edition of * The Elements Of 
the Gospel Harmony.' With a Catena on INSPIRATION, 
from the Writings of ne Ante-Nicene Fathers. By the Rev. 
BROOKE FOSS WESTCOTT, M.A., FeUow of Trinity 
College, Cambridge, and Assistant Master in Harrow School. 

Crown 8vo. cloth. Shortly, 

** Deserves and will command attention "^Christ. Remeubrakcer, 

" HHth peculiar gratification do we welcome the truly learned, vigo- 
rous, and genial work of Mr, tVestcottf , , ••The whole style 
of Mr. Westcott*s book shows how possible it is to think pro- 
foundly without undermining the foundations of faith, and to be 
a debtor to Germany without being a slave" 

North British Review, Nov. 1852. 



// does him great credit and is full of promise We should 

urge our readers to make themselves acquainted with the book" 

British Quarterly* 



vni. 

By the same Author, 
Preparing for immediate Publication, uniform with the above, 

*An Litroduction to the Study of the Canonical 

Epistles; including an attempt to determine their separate 
purposes and mutual relations. 

* These two Books a&e parts of a series of Theological Manual 
which are is progress. 



Cambridge. 
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IX. 

Twenty Sermons for Town Congregations. 

By the Kev. CHARLES HARDWICK, M.A., FeUow of St. 
Catharine's Hall, and Cambridge Preacher at the Chapel Royal, 
Whitehall, Author of "A History of the XXXIX Articles." 
Crown 8vo. cloth. 6s. 6d. 

" Possess a clearness, and candour, and strength of feeling and 
language not at all usual" — Guardian, Feb. 9, 1853. 

*' Orthodox— well K^rt/^en."— Ecclesiastic. 

" Meditative, spiritual, evangelical in substance, and refined in ex- 
pression. The productions of a very cultivated mind" 

Nonconformist. 

** Of a high order all really excellent" 

Colonial Church Chronicle, April 1853. 

" Able, learned, and argumentative" — English Review. 

X. 

By the same Author, 

*A History of the Christian Church from the 

Seventh Century to the Reformation. Cr. 8vo. in the Press. 

* This YoLnix is past of a bekiss of Theological Manuals which aab 

IN PB0OBE8B. 

XI. 

Ten School-Boom Addresses. 

Edited by the Rev. J. P. NORMS, M.A., FeUow of Trinity 
College, Cambridge, and one of Her Majesty's Inspectors of 
Schools. 18mo. sewed, 8d. 

xn. 
" The Beneficial Influence of the Christian Clergy 

during the first thousand years of the Christian Era." Bein g the 
Essay which obtained the Hulsean Prize for 1850. By HENRY 
MACKENZIE, B.A., Scholar of Trinity College, Cambridge. 

Nearly ready, 

xm. 
Cambridge Theological Papers. 

Being the Crosse Papers for fifteen years, and the Yoluntary 
Papers from the Commencement 1843, to the present time. 
Edited by the Rev. ALLEN PAGE MOOR, M.A., of Trinity 
College, Cambridge, and Sub-Warden of St. Augustine's College, 
Canterbury. 8yo. cloth, 7s. 6d. 

This will be found a very useful help to reading for the Voluntary 
Theological and for Ordination Examinations, 

Macmillan and Go. 
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XIV. 

The National Obligations and Advantages of 

Missions in a GhristitUl State. An Essay which obtained the 
Maitland Prize m the year 1852. By the Rev. C. K. ROBIN- 
SON, M.A., Fellow and Assistant Tutor of St. Catharine's 
Hall, Cambridge. Just ready, 

XV. 

The Gospel Revealed to Job ; 

Or, Patriarchal Faith and Practice Illustrated, in Thirty Lec- 
tures on the BOOK of JOB : with Notes, by the Rev. CHARLES 
AUGUSTUS HULBERT, M.A. 8vo. doth, 12s. 

XVI. 

Bishop Jewell.— Apologia Ecclesiad Anglicanad. 

Huic Novae Editioni accedit Epistola celeberrima ad Virum 
Nobilem D. Scipionem, Patricium Venetum, de Concilio Tri- 
dentino conscripta. Fcap. Svo. bds. 4s. 6d. 

xvn. 
Bishop Jewell's Apology of the Church of England. 

And an Epistle to Seignior Scipio concerning the Council of 
Trent. Translated, with Notes. Fcap. Svo. bds. 5s. 

XVIII. 

S. Justini Philosophi et Martyris Apologia Prima. 

Edited, with a corrected Text and English Introduction, con- 
taining a Life of the Author and explanatory Notes, by the 
Rev. W. TROLLOPE, M.A., Pembroke College, Cambridge. 
Svo. bds. 7s. 6d. 

XIX. 

Justin Martyr's Dialogue with Trypho the Jew. 

Translated from the Greek into the English, with Notes, chiefly 
for the advantage of English Readers ; a Preliminary Disser- 
tation, and a short Analysis. By HENRY BROWN, M.A., 
(Originally printed in 1745.) Svo. bds. 9s. 

XX. 

An Epitome of the History of the Christian Church 

during the first Three Centuries and during t^e time of the 
Reformation. Adapted for the use of Students in the Univer- 
sities and in Schools. With Examination Questions. By W. 
SIMPSON, M.A., of Queens' College, Cambridge. Second 
Edition, improved. Fcap. Svo. cloth, 6s 

Cambridge. 
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GRAMMAR. 

I. 
The Elements of Grammar taught in English. 

By the Rev. E. THRING, M.A., FeUow of King's CoUege, 
Cambridge. 18mo. bound in cloth, 2s. 

^* A very able book it is, both in substance and form" — Spectator. 

**A clever and scientific little 600A:."—- Guardian. 

" A genuine contribution to the wants of the a;ge."— Christ. Times. 

" Written with great skill,'* — The Educator. 

** For this the teacher and learner will thank him,** 

Nonconformist. 

**The technicalities of ordinary Grammars are relieved by familiar 
conversations^ which elicit their meaning and pave the way for 
the intelligent application of the principles of grammar ** 

John Bull. 

'* We strongly recommend this grammar to the attention of those who 
are interested in Education** 

English Journal of Education. 

"Small books i and treating ^ as they profess^ only on the elements of 
Grammar ; but presenting them with much clearness and skilly 
so as not to repel by the artificialness, but rather to interest by 
the naturalness, of the mode in whuih the knowledge is com- 
municated,** — British Quarterly. 

n. 
The Child's Grammar. 

Being the substance of the above, with Examples for Practice. 
Adapted for Junior Classes. 18mo. limp cloth, Is. 

**71temost rational we have seen; it is worked out with simplicity, precision, 

and completeness,** — The Nomconfo&kist. 
"This book cannot bx too btbongly becomhended ob too widely 

OntCTTLATED. ItS PBICE IS SMALL AND ITS VALVE OBEAT." — AtheMBUm, 

ni. 
Elementary Arabic Grammar. 'Al Adjrumiieh.' 

The Arabic Text, with an English Translation, By the Rev. 
J. J. S. PEROWNE, Pellow and Assistant Tutor of Corpus 
Christi College, Cambridge. Cloth, lettered, 6s. 

Macmillan and Go. 
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CLASSICAL. 

I. 
iEschyli Eumenides. 

The Greek Text with English Notes: with an Introduction, 
containing an Analysis of C. O. Miiller's Dissertations ; and an 
English Metrical Translation. By BERNARD DRAKE, M.A., 
FeUow of King's College, Cambridge, Editor of " Demosthenes 
de Corona." 8vo. cloth, 7s. 6d. Just ready, 

" A goodly texty toith JEhufUsh notes and an i^formina introduction. To these 
Mr, Vrake has added an English version, which more than conveys 
to the reader an idea of the action of the piece and the weight of the 
sentiments. The Choruses are free, animated^ and poetical," 

SPECTATOB, April 23, 1853. 

II. 

PLATO. 

Plato's Republic. 

A new Translation into English, with an Introduction and Notes. 
By two Fellows of Trinity College, Cambridge, (D. J, Vaughan. 
M.A., and the Rey. J. LL. Davies, M.A.) Crown 8yo. cloth, 
7s. 6d. 

** A really good, by which we mean a literal and elegant translation,** — 
Spectator. 

** Refined scholarship. A very able critical Introduction and a careful 
Analysis** —'EiTHQJASB. Review. 

**A sound and scholarly version. It is more, it is, — a rare virtue in classical 
translations,—* done into choice English.* Besides this, it has a sensible 
introduction and a close analysis.** — Chbibtiak Bembhbsanceb. 

" A valuable contribtetion to the study of Plato,** — Liteeaby Gazette. 

" There is a good Introductiott prefixed, to explain to the unlearned reader 
some of the points in the Platonic philosophy which are sometimes mis- 
represented, or at least misunderstood, such as the nature of diatectics, 
ideas, ^-c."— The Journal of Education. 

** This translation far surpasses any other. We believe that seTutlars tint' 
versally will warmly acknowledge its truth to the th<mght and spirit of 
the origHnal, And we are sure that it is what other versions knoum to us 
are not, namely English,— free, nervous, idiomatic English, such as will 

fascinate the reader The Introduction is able and interesting. The 

Analysis is a performance of exceeding merit, a clear and satisfytng pre- 
sentation of the essence of the dialogue beaut^uUy written,** — Noncon- 
formist, August 4, 1852. 

" We trust that the existence of so eloquent and correct a version may induce 
many to become Students of the Eepublic,**—GvAJBJ>iAJH, 

" Jfo one competent to offer an opinion on this sui^ect, will r^htse to Messrs. 
Davies and Vaughan the highest praise for the fidelity and eloquence with 
which they have translated this Dialogue, The Introduction is excellent 
in itself, and admirably prepares the reader for the work it introduces,** — 
The lisADBR. 

Cambridge. 
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MATHEMATICAL. 

I. 
A Treatise on Elementary Mechanics: 

With numerous Examples. By STEPHEN PARKINSON, 
M.A., Fellow and Assistant Tutor of St. John's College, Cam- 
bridge. Preparing. 

n. 
A Treatise on the Differential Calculus; and the 

Elements of the Integral Calculus. With numerous Examples. 
By I. TODHUNTER, M.A., Fellow of St. John's College, 
Cambridge. Crown 8yo. cloth, 10s. 6d. 

*<T0 THE DIFFBBENT CHAPTSS8 WILL BE FOUKD APPENDED EXAKPLES SVF- 
FICIENTLY NTJUEROUS TO KENDES ANOTHER BOOK UNNECESSARY. The 

^camples have been selected almost exclusively from the College and 
University JExamination Papers."— Preface. 

** A Treatise which will take its place amongst our Standard Educa- 
tional Works. The explanations in the early parts of the 
volume are clear and contincino and cannot fail to interest the 
STUDENT." — English Journal of Hducation. 

*< For the great bulk of mathematical students — ^especially at the 
beginning of their acquaintance with the calculus — ^we have not 

SEEN A TREATISE SO WELL ADAPTED AS THE PRESENT. The OUthOT COmeS 

before the world backed by unusually strong recommendations: having 
er^oyed the honourable distinction of being a favourite pupil of Mr, 
De Morganj at University College; and having obtained the highest 
honours from the University of London before proceeding to Cambridge, 
where he carried all before him in his Collie, and came out Senior^ 
Wrangler and First Smithes Prizeman. Both before and since taking 
his degree he has had the additional advantage of great experience in 
the art of tuition. With such antecedents, it is not surprising that Mr. 
Todhunter should have succeeded in producing a treatise of remarkable 

merit In establishing theorems, Mr. Todhunter has consulted the 

advantage of his reader by often giving more than one method of inves- 
tigation He has evidently bestowed great pains upon the execution 

of his task : which does no less credit to his careful accureuiy than his 
superior mathematical attainments and skill." — ^Athen^eum, Mar. 19, 1853. 

III. 

Shortly wiU he Published {by the same Author), 

A Treatise on Analytical Statics. 

With numerous Examples. 

IV. 

Solutions of Senate-House Problems for Four Years 

(1848 to 1851). By N.M. FERRERS, and Rev. J. S. JACKSON, 
Fellows of Caius College, Cambridge. 8vo. cloth, 158. 6d. 

Macmillan and Co. 
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V. 

Solutions of the Senate-Houae Biders for Four Years 

(1848 to 1851). By the Rev. F. J. JAMESON, M.A., Fellow 
of Caius College, Cambridge. 8yo. cloth, 7s. 6d. 

The above two books will be found very useful to Teachers preparing Students 
for the University of Cambridge, as they shew psactically the nature of 
the changes introduced by the " Mathematical Board," in 1848. 

VI. 

Arithmetic and Algebra in their Principles and 

Application : with numerous systematically arranged Examples 
taken from the Cambridge Examination Papers. With especial 
reference to the ordinary Examination for B.A. Degree. By 
the Rev. BARNARD SMITH, M.A., Fellow of St. Peter's 
College, Cambridge. Crown 8vo. cloth, 10s. 6rf. 

** A MOST USEFUL PUBLICATION. ThE RuLF.S ARE STATED WITH 
GREAT CLEARNESS. ThE EXAMPLES ARE WELL SELECTED 
AND WORKED OUT WITH JUST SUFFICIENT DETAIL WITHOUT 
BEING ENCUMBERED BY TOO MINUTE EXPLANATIONS, AND 
- THERE PREVAILS THROUGHOUT IT THAT JUST PROPORTION 
OF THEORY AND PRACTICE, WHICH IS THE CROWNING EX- 
CELLENCE OF AN ELEMENTARY WORK." 

Rev, Br, Peacock, Dean of Ely, 

** It is a good solid volume of upwards of ^)0 pages, including e^hty pages 

of valuably Appendices, in the form of Senaie-Mouse Examination Papers, 

and Answers to the Examples It is one of the really good 

Books which the world receives only when a teacher of the 

FIRST class sits DOWN TO DISCLOSE THE EXTENT OF HIS KNOWLEDGE 

AND THE SECRET OF HIS SUCCESS EvsTy onttcipation raised 

by the Title-page is honourably fulfilled by the ^^a;^."— Editcationaj. 
Times, March 1853. 

VII. 

In Preparation (by the same Author), 

Mechanics and Hydrostatics. On a similar plan. 

VIII. 

Elementary Mechanics. 

Accompanied by numerous Examples solved Geometrically. 

By J. B. PHEAR, M.A., Fellow and Mathematical Lecturer 

of Clare Hall, Cambridge. 8vo. bds. 10s. 6d. 

" The task is well executed .... His arrangement is lucid, his proofs 

simple and beautiful** — The Educator. 

IX. 

By the same Author, 

Elementary Hydrostatics. 

Accompanied by numerous Examples. Crown 8vo. cloth, 5s. 6d. 

**An excellent introductory Book, "JHie definitions are very clear: the 
descriptions and explanations are stMciently full and intelligible: the 
investigations are simple and scientific. The examples greatly enhance 
its value." — ^English Journal of Education, March 1853. 

Cambridge. 
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X. 

An Elementary Treatise on the Differential and 

Integral Calciilus. For the use of Colleges and Schools. By 

G. W. HEMMING, M.A., Fellow of St. John's College, 

Cambridge. Second Edition, with Corrections and Additions. 

8yo. cloth, 9s. 

This Edition has been carefolly revised by the Author, and important altera- 
tions and additions have been introduced for the sake of rendering the 
work more available for School use. 

'* 7%ere is no hook in common use from which so clear and exact a knoto- 
ledge of the principles of the Calculus c€m be so readily obtained." 

LrrxBAAY Gazette. 

** Merits our highest commendation," — English Joubnal of Education, 
March 1853. 

XI. 
A New and Cheaper {the Eighth) Edition of 

The Elements of Plane and Spherical Trigonometry. 

Greatly improved and enlarged. By J. C. SNOWBALL, M.A., 
Fellow of St. John's College, Cambridge. 

Crown 8vo. cloth, 78. 6d. 

This edition has been carefttlly revised by the author, and some important 
alterations and additions have been introduced, A large addition has 
been made to the coiyetion ofExjJonjss foa pbaoticb. 

** JSrce^^en/."— GuABDiAN. * 

"Abounds with choice examples for practice, and much valuable information 
is inter^ersed throughout the vohtme. The investigations are remarkably 
neat, and the main principles of Trigonometry are presented in a very 
clear and intelligible form" — ^English Jotjhnal of Education, March 
1858. 

" A new Edition of an old favourite text-book, and an improvement on the 
seven that have preceded it in several respects. It has been carefully 
revised throughout ; the methods for establishing the most important pro- 
positions are superior; more than 200 new examples — taken from recent 
Examination Papers — have been added ; and to crown all, the price has 
been reduced. What more need be said to secure for it a welcome from 
those who wish to make themselves masters of the important sttl^ect of 
which it treats ?" — ^Athen2bum, March 12, 1853. 

XIL 
By the same Author, 

The Elements of Mechanics. 

Second Edition. 8vo. bds. 8s. 6d. 

xin. 
A Treatise on Dynamics. 

By W. P. WILSON, M.A., Fellow of St. John's College, 
Cambridge, and Professor of Mathematics in Queen's College, 
Belfast. 8yo. bds. 9s. 6d. 

Macmillan and Go 
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XIV. 

Plane Astronomy. 

Induding Explanations of Celestial Phenomena, and Descrip- 
tions of Astronomical Instruments. By the Rev. A. R. GRANT, 
M. A., Fellow of Trinity College, Cambridge. 8vo. bds. 6s. 

XV. 

Geometrical Problems in the Properties of Conic 

Sections. By the Rev. H. LATHAM, M.A., Fellow and 
Tutor of Trimty Hall, Cambridge. 8vo. 3s. 6d. 

xvr. 

A New and improved Edition of 

A Short and Easy Course of Algebra. 

Chiefly designed for the use of the Junior Classes in Schools, 
with a numerous collection of Original Easy Exercises. By the 
Rev. T. LUND, B.D., late Fellow of St. John's College, Cam- 
bridge. 12mo. bound in cloth, 3s. 6d. 

'* Ris definUiona are admirable for their simplicity and clearness." 

Athesmvu, 
**We have much reckon to admire the happy art of the author in making 
crooked things straight and rough places smooth," — Educatob. 

XVII. 

A Geometrical Treatise on the Conic Sections. 

With an Appendix, containing the first Nine and the Eleventh 
of Newton's Lemmas : intended chiefly as an Introduction to 
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